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Abstract: We make the connection between the geometric model for capillarity with line tension
and the Cahn-Hilliard model of two-phase fluids. To this aim we consider the energies

F.(u) ::s/Q|Du|2+ %/QW(U)+/\ o V(u)

where u is a scalar density function and W and V' are double-well potentials. We show that the
behaviour of F. in the limit ¢ — 0 and A\ — oo depends on the limit of elogA. If this limit is
finite and strictly positive, then the singular limit of the energies F. lead to a coupled problem of
bulk and surface phase transitions, and under certain assumptions agrees with the relaxation of
the capillary energy with line tension. These results were announced in [ABS1] and [ABS2].
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1. Introduction

In the classical model for two-phase fluids, it is given a fluid in a container @ C R?®, and it is
assumed that every configuration of the system is described by the mass density u which takes only
two values o and 3, corresponding to the phases A := {u = a} and B := {u = g} = @\ A. The
energy is located on the interface .#ag which separates the two phases, with density oag (surface
tension), and on the the contact surfaces #aw and .gw between the wall of the container and
the phases A and B, with density oaw and ogw respectively. Then the equilibrium configurations
minimize, under some volume constraint, the capillary energy

EO(A) = OAB |f5ﬂAB|+O'AW |f5ﬂAw|+O'Bw|f5ﬂ|3w| . (1.1)

Here and in the following |A| denote the measure of A, namely the area when A is a surface, and
the length when A is a line. Surface energy densities are represented by the letter 0 with an index
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which recall the type of interface under consideration; these coefficients are strictly positive, and
clearly do not depend on the particular configuration of the system.

The minimum problem (1.1) is the so-called liguid-drop problem; the existence of a solution
for this minimum problem is assured by the wetting condition

|oaw — 0w | < OB - (1.2)

At equilibrium, the interface .#ag has constant mean curvature, and it meets the wall of the
container at a constant contact angle 6, which satisfies Young’s law (see for instance [RW] or [F])

cos(f) = Iaw — TBwW (1.3)
OB
An interesting extension of the previous model is obtained by adding to Fy an energy con-
centrated along the line %, where .#ag meets the wall of the container (contact line) with density
¢; this energy density is referred to as line tension (see [RW], [WW]). In this model the capillary
energy becomes:
FO(A) = 0OAB |§ﬂAB| + O'Aw|5ﬂAw| + O'Bw|¢5/|3w| + C|$-| . (1.4)

An alternative way to study two-phase fluids originates from the continuum mechanics ap-
proach initiated by Gibbs and revisited by Cahn and Hilliard in the 60’s [CH]. The interface .#ag
is now replaced by a thin layer in which the mass density u varies continuously from the value
a to the value 8, and the energy associated with u is the sum of a Gibbs free energy fQ W (u),
where W is a two-wells potential vanishing at « and 3, and a term ¢ [, |Du|? which penalizes the
non-homogeneity of the fluid. Moreover a boundary contribution [, V'(u) can be added to take
into account the interactions between the fluid and the wall of the container.

The coefficient ¢ introduces an intrinsic length which is characteristic of the thickness of the
interface, and since this length is in general much smaller than the size of the container, it is natural
to study the equilibrium of such a fluid in an asymptotic way, i.e., by considering the limits as
¢ tends to 0 of the minimizers u. (subject to some mass constraint fQ ue = m) of the rescaled
energies

F.(u) = E/Q | Dul? + %/QW(U) +A . V(u), (1.5)

where A represents the order of magnitude of the wall-fluid interactions.

This problem has been studied by several authors, mainly in the case A = 0 (that is, when
no boundary energy is considered; see for instance [Gu], [Mol], and [Ba] for multi-phase fluids).
In the case A = 1, L. Modica established in [Mo2] a rigorous connection between the classical
model for capillarity Ey and the Cahn-Hilliard model: the sequence of minimizers u. (of F:) is
pre-compact in L'(Q), each limit point u takes only the values o and 3 (almost everywhere), and
the corresponding phase A := {u = a} solves the liquid-drop problem associated with an energy
of type (1.1), where the coefficients 0ag, Oaw and ogw can be expressed in term of the potentials
W and V. We recall that in [Mo2] it was assumed that W, V', X and © do not depend on ¢ (which
means that ¢ is infinitely smaller than any other parameter of the problem) while in the present
work we consider a different behaviour for A, namely that A tends to infinity as € tends to zero.
Different assumptions have already been discussed in [BS] and [BDS].

The contribution of this paper is twofold. First we focus on the model for capillarity with
line tension associated with the energy Fy. We show that due to a lack of semicontinuity, this
functional leads to ill-posed minimum problems. Then we apply the usual relaxation procedure
and we compute the relaxed functional Fy explicitely.

Our second goal is to establish a rigorous connection between Fp and the Cahn-Hilliard model.
To this end we study the asymptotic behavior of the functionals F; in the limit £ — 0 when A
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tends to infinity with a suitable scaling and V' is a two-well potential. We show that the limit of
F. in the sense of I'-convergence is a functional F'(u) which is finite only if u takes values a or 5.
Thus we can view F' as a function of the phase A := {u = a}, and it turns out that F' agrees with
Fy for suitable choice of the potentials W and V. Consequently, if u. minimizes F. subject to
the mass constraint fs u =m, and u is a limit point of the sequence (uc), then the corresponding
phase A := {u = a} minimizes Fy subject to a suitable volume constraint.

The relaxation procedure is described in subsection 2.2. We show that the total energy can
be properly written by introducing, besides the usual bulk phase A C 2, an additional variable
A’ C 9Q which is completely independent of A; A’ and its complement B’ := 902 \ A’ are called
boundary phases. The total energy of the configuration (A,A’) is then given by the sum of three
different terms: the classical surface tension on the interface between the bulk phases A and
B, a surface density on the wall of the container (which depends on which bulk phase and which
boundary phase meet together) and a line density along the line -%a/g: which separates the boundary
phases A" and B’ (dividing line).

Thus F(A) is obtained by taking the minimum of & (A, A’) over all possible A’ (see Theorem
2.1). Notice that in general the boundary phase A’ where such a minimum is attained differs from
the interface .“aw between A and the wall of the container, and therefore F is no longer of the
form (1.4). In particular it is a nonlocal functional (while ®, is local), and what we called “line
tension” is now located on the dividing line .%a/g/, which in general does not agree with the contact
line %; in this case we speak of “dissociation of contact line and dividing line”.

In subsection 2.3 we show that a similar situation occurs when we study the asymptotic
behaviour of F.. In order to properly write the limit of the boundary energies, as ¢ — 0 we need to
introduce besides the usual bulk mass density u an additional variable v : 9Q — R called boundary
mass density. A configuration of the limit problem is represented by a couple (u,v) to which we
associate a total energy ®(u,v) (see Theorem 2.6). As before, we can recover from ® a functional
which depends only on the bulk density u: the limit F'(u) of the functionals F. (in the sense of
[-convergence) is given by the minimum of ®(u,v) over all possible v (Corollary 2.7).

Since ® is finite only when u takes values a and § and v takes values o’ and 3’ (the wells of
the potential V), we may regard ® as a function of A := {u = a} and A’ := {v = o’}. In subsection
2.4 we encompass ¢y and ® in a more general class of functionals. This leads to different models
for capillarity with line tension, and then we need some qualitative comparison; indeed we show
that ®( can be always obtained as ® for a suitable choice of the potentials V' and W, while the
converse is true only if V and W satisfy certain restrictions.

Sections 3 and 4 are devoted to the proofs of the mathematical results stated in section 2.
The main mathematical difficulties arise in the proof of the I'-convergence result for the functional
F.. While the the limit energy can be evaluated in the bulk as in [Mol], the characterization
of the boundary contribution is more intricate. In particular the two-dimensional part of the
boundary contribution is studied by adapting the approach of [Mo2]; for the one-dimensional part
we need several steps: first, by localization and slicing arguments we reduce to a problem on a
two-dimensional half-disk; then we replace the two-dimensional Dirichlet energy on the half-disk
by the H'/? intrinsic norm on the diameter; eventually we are led to a new kind of singular
perturbation problem involving a nonlocal term. This problem has its own interest (see Theorem
4.4 and [ABS1]), and brings to the fore the right scaling for A, namely log A ~ 1/¢. Some technical
lemmas have been postponed in section 6.

In section 5, we describe the mechanical consequences of our model for line tension in term
of equilibrium configurations. We show that the dissociation of contact line and dividing line may
occur also at equilibrium, and in that case the contact angle no longer satisfies Young’s law but
an entirely different condition. Accordingly, in the quasistatic evolution of such a fluid the contact
angle may have discontinuous changes.



2. Description of the results

We begin by fixing the notation and recalling some standard mathematical results used
throughout the paper. Then we discuss the relaxation of the functional Fy (subsection 2.2) and
the asymptotic behaviour of the functionals F. (subsection 2.3). The comparison between these
results is briefly discussed in subsection 2.4.

2.1. Notation

In this paper we consider different domains A with dimension h = 1,2,3; more precisely, A
is always a bounded open set either of R” or of a smooth h-dimensional manifold M without
boundary, embedded in R*. We denote by A the boundary of A relative to the ambient manifold;
0A is always assumed Lipschitz regular.

We denote by B,(z) the ball with center z and radius r; we write a V b and a A b for the
maximum and the minimum of a and b respectively.

Unless differently stated A is always endowed with the corresponding h-dimensional Hausdorff
measure " (cf. [EG], chapter 2). Accordingly, we often write fA f instead of fA fd#", and
|A| instead of #"(A), whereas we never omit an explicit mention of the measure when it differs
from ™. We often use the fact that given a set B C RF and a Lipschitz function f on B, then
A" (f(B)) < (Lip(f))" " (B), where Lip(f) is the Lipschitz constant of f.

The h-dimensional density of E at a point z is the limit (if it exists) of the ratio #"(ENB, (z))
over wyr" as r — 0, where wy, is the measure of unit ball in R". The essential boundary of E is the
set, of all points where F has neither density 1 nor density 0, including all points where the density
does not exist. Since the essential boundary agrees with the topological boundary when the latter
is Lipschitz regular, we denote by dF also the essential boundary.

Troughout the rest of this paper, all the functions and sets are assumed Borel measurable and
questions of measurability will never be discussed.

Functional spaces

Let A be an h-dimensional domain and take u € L], .(A4). The derivative of u in the sense of

distributions is denoted by Du. As usual H!(A) is the Sobolev space of all real functions u € L?(A)
such that Du belongs to L2(A), and BV (A) is the space of all u € L'(A) with bounded variation,
that is, such that Du is a bounded Borel measure on A. Notice that when A is an open subset of
a manifold M C R® and u € H'(A), then Du : A — R® and Du(z) belongs to the tangent space
of M at z for a.e. z € A. If u € BV(A), then Du is a measure on A which takes values in R* and
the density of Du with respect to its variation |Du| at z, belongs to the tangent space of M at z
for |Dul-a.e. x € A. Recall that every bounded set in BV (4) is relatively compact in L'(A). The
letter T’ denotes the trace operator which maps H'(A) onto H'/?(QA) and BV (A) onto L'(DA).

For further details and results about the theory of BV functions and Sobolev spaces we refer
the reader to [EG], chapters 4 and 5.

Jump set and essential boundary

Let A be an h-dimensional domain and take u € L}, .(A). The jump set Su is the complement

of the set of Lebesgue points of u, i.e., the set of points where the upper and lower approximate
limits of u differ or are not finite. If w € BV (A) then Su is rectifiable: this means that it may
be covered by countably many (h — 1)-dimensional submanifolds of class C! except for an 7% h=1_
negligible subset. In particular the dimension of Su does not exceed h — 1, and if v belongs to
H'(A) then Su is 2" '-negligible (see [EG], sections 4.8 and 5.9).

For every I C R, we define BV (A,I) as the class of all u € BV(A) such that u(z) € T
for a.e. © € A. If I := {o, B}, then a function u : A — I belongs to BV (A) if and only if
A" (Su) < 400, and (B — ) # "1 (Su) agrees with the total variation ||Dul| of the derivative
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u (cf. [EG], section 5.11). In the particular case I = {0,1}, w is the characteristic function of a
set E and is denoted by 1g, and F is called a set with finite perimeter in A. Since the essential
boundary of E agrees in A with the jump set of 15, we deduce that E has a finite perimeter in
A if and only if s#" "1 (OE N A) is finite. For this reason the notion of essential boundary fits out
purposes more than the topological boundary.

Every rectifiable set S can be endowed with a (measure theoretic) normal field v which enjoys
the following property: for every hypersurface M of class C! and # h=1_almost every z in M NS
the vector v(z) agrees with a normal unit vector to M at x. Moreover when S is the jump set
of a function u € BV (A,I) with I := {«a, 8} we can chose v so that the measure derivative Du
is given by the restriction of the measure J# "=1 to the set Su multiplied by the density function
(8 — a) - v. This choice of v is unique up to ,%"hil—negligible sets and is denoted by v,; when u is
the characteristic function of a finite perimeter set E this normal field is also denoted by vy and
is called the (approzimate) inner normal to E.

Eventually we remark that when E has finite perimeter in A the trace of the BV function 1g
on A (which is defined as an element of L'(9A)) is the characteristic function of the set ENAA.
In this sense, the set 9E N A can be regarded as the trace of E on 0A.

2.2. The relaxation theorem

The container is represented by a bounded open set Q of R*® with a boundary of class C*
and the bulk phases are denoted A and B. Since B = 2\ A, every configuration is identified by
A. In the following OA and 0B denote the essential boundaries of A and B, and then the various
interfaces involved in the expression of the energies Ey or Fy are defined as follows:

Sag = OAN OB is the surface which separates the phases A and B;

Saw = OA N IN is the surface which separates A from the wall of the container;

Sew = 0B N AN is the surface which separates B from the wall of the container.
% = 0.%aw is the contact line, i.e., the line which separates .“aw from .gw.

In the following the letters . and £ always denote a surface and a line respectively, and
therefore we often denote the area /#%(.#) and the length 2" (%) simply by |.#| and |.Z|. The
letters in sans-serif A and B will be reserved for the phases.

The admissible configurations of the system belong to the space X of all Borel subsets of Q.
We endow X with the distance d(Al,Ag) = %3(A1AA2), where AlAAQ = (A1 \AQ) U (A2 \Al)
is the symmetric difference of A; and As.

Our first claim is that the functional Fy defined in (1.4) is not lower semicontinuous on X.
The reason can be easily outlined: fix a configuration A and compare its energy with the energy of
a new configuration As which is obtained by inserting a layer of phase B with thickness § between
A and the wall (see figure 1).

contact line L o

SAW

Figure 1: the configurations A and As.

As § tends to zero, As converges to A in X, and since As does not touch the wall, the contact
line of the new configuration is empty and the interface between the two phases As and Bs consists
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roughly speaking in the union .Zag U .aw. Hence
Fo(A) — Fo(As) ~ (0aw — 0aB — OBw) |-Zaw| + C|-Z| - (2.1)

Clearly the right hand side of (2.1) is strictly positive for a suitable choice of A: indeed the area
|-Zaw| is bounded by |09)| while the length |.Z| can be taken arbitrarily large. Hence for such a
configuration there holds liminf F(As) < Fy(A).

Let us emphasize that this phenomenon is not related to the particular choice of the topology
on the space of configurations X. Since we are interested in minimizing Fp, we can consider only
topologies which make Fy coercive, that is, such that every sequence which is bounded in energy is
pre-compact, and it can be easily checked that the choice of any (separated) topology in this class
has no incidence on the lower semicontinuity of F. Notice that due to the compact embedding of
BV (Q) in L'(Q), the metric we imposed on X makes Fy coercive.

This lack of lower semicontinuity shows that looking for equilibrium configurations on the
basis of the model Fy leads to ill-posed problems. In subsection 5.2 we show that the energy Fjy
may admit no minimizer with prescribed volume.

The next natural step is to consider the relaxation of Fy, namely
Fo(A) := inf { liminf Fy(A,) : A, > Ain X } . (2.2)
n— 00

First we remark that given a sequence (A,) which tends to A in X, the trace of A, on 9 (i.e.,
Za,w) converges in X' to a set A’ which in general does not agree with the trace of A. This is
indeed the case for the sequence (As) defined above (see figure 1). This consideration suggests that
to describe the relaxation of Fy it is convenient to introduce, besides the usual “bulk” phases A
and B, two additional “boundary” phases A’ and B'.

Specifically, for every A C Q and A’ C 90 we set

B' := 90 \ A’ 5 fArB/ = oA 5
pn = Saw NA =0ANA’ , g = SawNB =0ANB’ , (23)
Fen = SpwNA'=0BNA", Sepr = swNB =0BNB' .

The line Zp g which separates the phases A’ and B’ will be called the dividing line.
We associate with each configuration (A, A") the energy

Do (A,A") := 0ng |- 78| + Oaw |- Zaar| + (Oas + Osw) | Sas| +

(2.4)
+ osw |-Be'| + (OaB + TBwW) |-ZBA’| + C|LAs| -
Therefore Fy can be written in terms of ®q by
Fy(A) = @o(A, Saw) - (2.5)

The space of all admissible configurations is now X x X', where X is defined above and X' is
the space of all Borel subsets of 92, endowed with the distance d'(A],AL) := |A] AAL|. Since all
coefficients in (2.4) are strictly positive we deduce immediately that the functional @4 is coercive
on X x X' and finite at (A, A’) if and only if A has finite perimeter in 2 and A’ has finite perimeter
in 89Q. We can now state our relaxation result (see section 3 for the proof):

Theorem 2.1. The functional ®q is lower semicontinous on X x X', and the relazation of Fy
on X is given by

Fo(A) = min {Bo(A,A) : A€ X'} . (2.6)
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This result is still valid if we replace the space X by the subclass X, of all A € X such that
|A| = v}, where v is a fixed number such that 0 < v < |Q] (this refinement of Theorem 2.1 requires
a slight modification of the proof which we leave to the reader). This remark allows us to consider
the minimization of Fy under the volume constraint |A| = v:

Corollary 2.2. For every v such that 0 < v < |Q| there holds

inf { Fp(A): |A|=v} = min Fy = Juin D . (2.7)

Remark 2.3. jFrom (2.5) and (2.6) we conclude that a configuration A minimizes Fy on X, if
and only if (A, ¥aw) minimizes ®g in X, x X'. In this case the contact line ., coincides with
the dividing line Zag. In subsection 5.2 we give an example where Fj has no minimizer on X,,:
indeed for every minimizing configuration (A, A’) in X, x X' there holds A’ # .Zaw.

Remark 2.4. When the wetting condition
|oaw — Tsw| < Oas (2.8)

is not satisfied, the minimum problem min {®q(A,A’) : A’ € X'} can be explicitly solved: if
Oaw > Opw + Oag (the other case is similar) then the minimum is achieved when A’ is empty, and
(2.6) becomes

Fo(A) = (A, 0) = 0asl-728| + (Tas + Tw) | Zaw| + Tew|-Zas | - (2.9)

This means that it is always convenient to separate completely the phase A from the boundary by
inserting an infinitely thin layer of phase B. In this case Fy has the same form as the energy Ej
in (1.1), and no line tension appears.

Remark 2.5. 1In the limit case ¢ = 0 Theorem 2.1 gives a formula for the relaxation Eq of the
energy Ep in (1.1): when the wetting condition (2.8) is satisfied Ey = Ep, (that is, Ey is lower
semicontinous on X), otherwise Ey is given by (2.9) (at least when oaw > Osw + Oag).

Hence the relaxation of Ey has always the same form as Ej, only the coefficients change. This
specific property of Eq explains why the relaxation step is usually skipped: one deals directly with
the relaxed form by assuming a priori that the wetting condition (2.8) is fulfilled, while from our
point of view this is only a consequence of the relaxation procedure.

2.3. The I'-convergence theorem

As before,  is a bounded open subset of R® with boundary of class C'; W (resp. V) is a
non-negative continuous function on R with growth at least linear at infinity and vanishes in the
double-well I := {a, 8}, with o < 8 (resp. in I' := {o’/, 8’} with o’ < '). The symbol ¢ denotes
a parameter decreasing to 0, while \; is a parameter which goes to infinity as € — 0 and satisfies

limelogA. = K with 0 < K < c0. (2.10)
e—=0
The function H is a primitive of 2¢/W, and we set

(2.11)

B
o= |HE) - H@)|=2 [ VIt e=(3 -0
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For every € > 0 and u € H*(Q2) we define the functional

F.(u) ::5/§2|Du|2+§/QW(u)+AE | v(Tw), (2.12)

where T'u is the trace of u on 91.

First we want to briefly account for the choice of the double-well potential in the boundary
energy [5o, V(Tu) and of the scaling (2.10). The case A. = 0 (that is, when no boundary energy
is taken into account in F.) was already considered in [Mol] (cf. Theorem 4.2 below). The
term e~ [ W(u) forces u. to take values close to a and 3, while the term e [ |Du|? penalizes
the oscillations of u.. When ¢ tends to 0, the functions u. converge (up to a subsequence) to a
function v € BV () which takes only the values a and 5. Moreover each u. has a transition from
the value a to the value § in a thin layer close to the surface Su which separates the bulk phases
{u = a} and {u = B}. Since the energy F.(u.) tends to concentrate in this layer, the limit energy
is distributed on Su with surface density o (surface tension).

In [Mo2] this analysis has been extended to the case \. =1 (V being any positive continuous
function). In this case the traces T'u. of the minimizers u. converge to a function v on 9. This
function is constant on the trace of each bulk phase, namely {Tu = a} and {T'u = 8}, but differs
from Tu. The transition of u. from Tu to v occurs in a thin boundary layer, and since part of the
total energy F:(u.) concentrates in this layer, an additional surface density appears in the limit
e—0.

In this paper we investigate the case when ). tends to infinity. If we assume that V is a
double-well potential, the boundary part of F. forces the traces Tu. to take values close to o' and
B, while the oscillations of the traces T'u. are penalized by the bulk integral [ |Du|?. Then we
expect that the traces Tu. converge to a function v which takes only the values o’ and 8’ and that
a concentration of energy occurs along line Sv which separates the boundary phases {v = o'} and
{v="7p"}

The interest of this asymptotic model lies in the possible connection between this line con-
centration of energy and the line tension phenomenon. In order to establish such a connection,
we first have to ensure that the transition of Tu. from o’ and ' does take place in a thin layer.
This brings to the fore scaling (2.10), which also provides a uniform control on the oscillations of
Tu.. In fact we can prove that under (2.10) the traces Tu. converge (up to a subsequence) to a
function v in BV (09, I'), and then the boundary phases {v = &'} and {v = '} are divided by the
rectifiable curve Sv.

At this stage, we investigate the relation between v and Tu. In particular we wonder whether
the boundary phases agree with the traces of the volume phases. In general the answer is negative,
and indeed this situation is quite similar to the one described in the previous subsection: the
asymptotic behavior of the functionals F is described by a functional ® which depends on the two
variables u and v. Since the total energy F.(u.) is partly concentrated in a thin layer close to Su
(where u. has a transition from « to (), partly in a thin layer close to the boundary (where .
has a transition from T'u to v), and partly in the vicinity of Sv (where Tu. has a transition from
o' to ), we expect that the limit energy is the sum of a surface energy on concentrated on Su, a
boundary energy on 9 (with density depending on the gap between T'u and v), and a line energy
concentrated along Swv.

Precisely we have the following theorem (see section 4 for the proof), which is the main result
of this paper.

Theorem 2.6. For every u € BV (Q,I) and v € BV(0Q,I') we set
®(u,v) := o H#*(Su) + |H(Tu)—H(v)| +cH#(Sw) . (2.13)
o0
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Then the following three statements hold.

(i) Compactness: let (u.) C H'(Q) be a sequence such that ¢ — 0 and F.(u.) is bounded. Then
the sequence (u.,Tu:) is pre-compact in L'(Q) x L'(0Q) and every cluster point belongs to
BV(Q,1) x BV (9, I').

(ii) Lower bound inequality: for every (u,v) in BV (Q,I)x BV (0Q,I") and every sequence (us) C
HY(Q) such that u. — u in L'(Q) and Tu. — v in L'(09Q), there holds

liminf F; (us) > ®(u,v) . (2.14)
e—0

(iii) Upper bound inequality: for every (u,v) in BV (Q,I) x BV (0Q,1I') there exists an approzi-
mating sequence (u.) C H*(Q) such that u. — u in L*(Q), Tu. — v in L*(0Q) and

limsup F; (u:) < ®(u,v) . (2.15)

e—0

This theorem can be easily rewritten in term of T'-convergence (for the definition and the main
properties of I'-convergence we refer the reader to [DM], chapters 6-9, see also [Al]). To this end
we extend each F. to +oo on L'(Q) \ H(Q), and from Theorem 2.6 we immediately deduce the
following corollary.

Corollary 2.7. The T-limit on L'(Q) of the functionals F. is given by

inf {®(u,v) : vE BV(OQ,I')} ifue BV(Q,I),
F(u) := (2.16)
+00 elsewhere in L'(Q).

Note that the functional F'(u) is nonlocal with respect to u, in the sense that it cannot be
expressed by integration of a local density depending on u and Du.

Statement (iii) of Theorem 2.6 can be refined by choosing the approximating sequence (u.)
so that [, u. = [, u for every e (we will not prove this refinement, in fact one has to slightly
modify the construction of the approximating sequence (u.) in Lemma 4.15). This way we can fit
with a prescribed mass constraint: if we take m such that a|Q| < m < 3|Q, then the functionals
F. T-converge to F' also on the subspace of all u € L'(Q) such that [, u = m. By a well-known
property of I'-convergence and statement (i) of Theorem 2.6, we immediately deduce the following
result:

Corollary 2.8. For every € > 0 let u. be a solution of the problem
min { F.(u) : [fu=m} . (2.17)

Then the sequence (u.) is pre-compact in L'(Y), and every cluster point belongs to BV (Q, 1) and
solves
min {F(u) : [pu=m} . (2.18)

2.4. Comparison of the results

In this subsection we make a brief comparison of the results obtained in subsections 2.2 and
2.3. The energies &7 and ® that we have derived in the study of the relaxation of Fy and of the
[-limit of F. can be written in the following general geometric form:

Byen(A,A') := 0pg | Sas| + Oan |Snar| + Oas | Sapr| + (2.19)
+ Osar |[SBar| + OBRr | BB/ | + C | Larer | -
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where (A, A’) belongs to the space of admissible configurations X x X’. More precisely, the func-
tional @, defined by (2.4) agrees with @, if we set

OppAr := Oaw Opp’ *=0pB +OBW (2 20)
Ogp' := OBW , OBar = OpAB + OAw -

On the other hand, if for every u € BV(Q,I) and v € BV (99Q,I') we consider the bulk phase
A := {u(z) = a} C @ and the boundary phase A’ := {v(z) = o'} C 99, then the functional ®
defined in (2.13) satisfies the identity ®(u,v) = ®gen(A, A’) provided that we set

Opg (= O, c:=cC,
Oan = |H(a) — H(a')| s OpR' 1= |H(a) — H(ﬂl)| s (221)
Oear = |H(B) — H(a')| ose = [H(B)— H(B')|,

where H, 0 and C are given in (2.11).

One can easily check that the coefficients of the functional ®gen can be written in the form
(2.20) (for a suitable choice of 0ag, 0aw and ogw) if and only if they satisfy the relations

Opgr = Opg +0ger and Ogar = Oag + Oaar - (2.22)

On the other hand, taking into account that the function H is strictly increasing it is easy to show
that that the coefficients in (2.21) fulfills the relations in (2.22) if and only if the relative positions
of the wells a, 3,a’, 8" are the following:

o' <a<p<p. (2.23)

Therefore when (2.23) is assumed we derive in a rigorous way that the model of capillarity with
line tension (associated with Fp) is recovered from the Cahn-Hilliard model (associated with F)
in the limit € — 0. This carries out the main issue of our initial program.

Now we briefly account for some general features of the energies ®g, ® and ®gen. Clearly the
functional @, is coercive on X x X' because the energy densities 0ag and ¢ are strictly positive.
The semicontinuity is discussed in the following statement (proved in section 3).

Theorem 2.9.  The functional ®gen is lower semicontinuous on X x X' if and only if the
coefficients in (2.19) verifies the following generalized wetting conditions (¢f. (1.2)):

<oa and |UAB’_UBB’

|UAA’ — OBA’ < 0OaB - (2.24)

Remark 2.10. Obviously (2.24) is satisfied when the coefficients in ®gen are given either by (2.20)
or by (2.21); hence we recover the lower semicontinuity of ®; and ® (cf. Theorems 2.1 and 2.6).

We may compare the models associated with the energies ®;, ® and ®gen by discussing the
number N of independent parameters which drive the geometry of the equilibrium configurations
(i.e., the number of their degrees of freedom). Notice that the equilibrium configurations of ®gen
(subject to some volume constraint) do not change if we multiply all the coefficients in (2.19) by
a constant factor, or if we add the same constant to the boudary coefficients oaar, Oap’, Ogar and
oge. Hence for ®gen, we have N = 4.

For ®; we have to consider the two additional conditions in (2.22), and then N = 2.

For & the number N depends on the relative positions of «a, 3,a’,8’: in the case o' < a <
B < B', N = 2 because we can reduce to the case ®3. We let the reader check that N = 3 in the
remaining five cases.
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These considerations about the value of NV suggest the possibility of an experimental validation
either of the line tension model Fy (i.e., ®g), or of the model derived from the Cahn-Hilliard model
F. (i.e. ®), or of the more general ®,e,. In fact all these models seem to be physically acceptable.
We conclude this section with some comments on their physical background.

Capillary energy with line tension, like Fp, is frequently considered in physics (see [RW] or
[WW]), and we have proved that the well-posed problems naturally associated with F can only
be defined through ®,. In other words the interaction between the fluids and the wall can be
efficiently described only by considering two boundary phases which are independent of the bulk
phases. Notice that the idea of phase transition between surfaces phases on the wall of the container
has already been suggested (see for instance [DG]).

As noticed before, ® is obtained from ®,e, imposing the restrictions (2.22). In the relax-
ation procedure which leads to ®g, the interface .#pg' is viewed as the part of the wall where an
infinitesimal layer of the phase B is interposed between the phase A and the wall of the container
(a similar argument applies to .#ga’), and the relations (2.22) are a consequence of the fact that
the energy density of such a layer is simply the sum of oag (due to the transition from A to B)
and ogw (due to the transition from B to the wall). On a physical level, such a superposition
principle has no reason to hold: consider for instance a layer whose thickness has the same order
as the range of the interaction forces which generate the surface tension. Then it is quite natural
to consider generalized energies of the form ®gey.

The functional & which corresponds to the asymptotic limit of the Cahn-Hilliard model,
appears as an intermediate case between ®y and ®,., (and indeed for ® we have N =2 or N = 3).
The Cahn-Hilliard model, despite its relative simplicity, is known to describe efficiently many
interfacial phenomena. In this paper we show that it can be used to describe line tension phenomena
as well. One may question the physical ground of the boundary energy we postulated, and in
particular on the double-well potential V and the scaling (2.10) for .. Indeed these assumptions
are totally different from those of Cahn and Hilliard [CH] or Modica [Mo2] (where \. does not
depend on ¢ and V' is a monotone function). To our knowledge, the boundary energy cannot be
reached by direct experiments, but only through its effects on the macroscopic equilibrium. We
justify our assumptions a posteriori by the relevance of the model associated with the limit energy
.

3. Proof of the relaxation result

This section is devoted to the proof of Theorem 2.1 and Theorem 2.9.

We follow here the notation introduced in subsection 2.2; in particular, given sets A and B
in Q (resp. in 9Q) the identity A = B must be intended up to negligible subsets, that is, in the
sense of the space X (resp. X'). We also recall that A denotes the essential boundary of A, and
not the topological one. All statements and proofs in this section can be adapted without essential
modifications to arbitrary dimension.

Lemma 3.1. Let be given B C 0Q2. Then for every § > 0 there exists E with finite perimeter in
Q such that

(i) B is the trace of E on 0L, that is, B = 0E N 08);

(ii) |E| <6 and [DENQ| < |B|+4.

Proof. This statement is an immediate corollary of a well-known result of Gagliardo (see for instance
[Gi], Theorem 2.16). O

11



Lemma 3.2. Let be given M C 0. Then the functional A — |0A N Q| — [OAAM] is lower
semicontinuous on X.

Proof. We apply Lemma 3.1 with Q and B replaced by R* \ Q and 89 \ M respectively, and we
find a set £ C R? \ Q with finite perimeter in R* \ Q0 so that dE N 9N = 9N\ M.

Then O\ OF = M and, since AN E = ¢ for every A € X, we have that 0(AU E) is the
disjoint union of 9ANQ, AE\ Q and QN I(AU E), and IQNI(AU E) = 9Q \ (DAAM).

Figure 2: the sets M and FE.

Hence
[OAN Q| — |0AAM| =|0(AUE)| + |6E\§| +109] .

Since FE is fixed, the thesis follows from the lower semicontinuity of the perimeter |0(A U E)| with
respect to A. O

Proof of Theorem 2.9

We assume first that the generalized wetting condition (2.24) does not hold, and in particular
that oap > Oag + Opar (the other three cases can be treated in the same way). We argue now as
for the lack of semicontinuity of Fy (see subsection 2.2).

Fix a configuration (A,A’) € X x X' such that |aa/| > 0. For every 6 > 0 we apply Lemma
3.1 to find a set Es C Q such that 0E; N0Q = A’ NOA, |Es| <4, and |[0E; N Q| < |JA'NIA| + 6,
and then we set As := A\ Es.

A
A, As

Figure 3: the sets A, A’, and As.

Hence As converge to A in X as § — 0. Moreover for the configuration (As, A) there holds
Iash =0, Lasa = A = Tpar UL, | Sases| < | a8l + | Laar| + 0, while Sam = Sap and
yBJBr = yBB’- Then

Pgen(Ag, A') < Bgen(A,A") — (Oag + O — Oanr) | San |+,
and since both (0ag + Ogar — Oaar) and | Saar| are positive we obtain

lim inf ®gen (Ag, A') < yen (A, A’
im in gen (A5, A") < Byen(AAT)

which proves that ®,e, is not lower semicontinuous at (A,A’).

We prove now the opposite implication. Let us assume that (2.24) holds and let be given
A, - Ain X and A}, - A’ in X'. We may assume that sup,, Pgen(An,Al,) is finite, so that
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|OA N Q| and | Lars| are finite. By applying Lemma 3.2 with M := 0A N 0N, we obtain the
following lower bound:

liminf (|9A, N Q| = [0A N Q| = [(9A,A0A) N Q) > 0. (3.1)

By the lower semicontinuity of the perimeter, the functional A" = ®4en (A, A’) is lower semicontin-
uous on X'. Hence

lim inf @yen (A, A]) > Bgen (A, A') . (3.2)
On the other hand, let p,(z) and p,(z) denote respectively the surface energy densities at  of
the configurations (A,,A!) and (A,A!) (for every n and every z € 0Q); one easily verifies that
if © ¢ OA,AOA then pp(z) = pp(z), while if z € OA,AOA the inequalities in (2.24) implies
pn(z) > pn(x) — opg. Thus we can write

<I>gen(An,A;L) = O'AAr|8An n BQ| + / pn(:E) + C|$A;B;|
o0

> Gan|0A, N O0| + / pu(@) — gl (DA, ADA) MDD + |- L & |
o0

> ®gen(A,AL) + 0as (|0AL N Q)| — [OAN Q)| — [(OAL,ADA) N ONY) .
Now we take the lower limit as n — oo, and with the help of (3.1) and (3.2) we deduce

liminf ®gon (Ap, AL) > Bgon (A, A') . O

n—oo

Proof of Theorem 2.1

The coefficients in the functionals ®q given in (2.4) fulfill the generalized wetting condition
(2.24), and then ®, is lower semicontinuous on X x X' by Theorem 2.9.

Let be given now A,, — A in X so that Fy(A,) is bounded. The sets A,, have uniformly bounded
perimeters in 90 (cf. (1.4)); then the sequence (#a,w) is pre-compact in X', and possibly passing
to a subsequence we may assume that it converge to some A’ € X'. Now identity (2.5) and the
semicontinuity of ®y imply

liminf Fy(A,,) = liminf ®¢(A,, Sa,w) > ®o(A,A") . (3.3)

n—oo n—o0

Inequality (3.3) shows that the left hand side of (2.6) is larger than the right hand side. To obtain
the equality it suffices to find, for every configuration (A,A’) € X x X' with finite energy @, an
approximating sequence A, — A such that

liminf Fy(A,) < ®o(A,A’) . (3.4)

n—oo

Here we use an argument similar to the first part of the proof of Theorem 2.9: by Lemma 3.1, for
every n > 0 we find a set E,, with finite perimeter in ) such that

(i) OE, NON = A'ADA,

(ii) |En| <1/n and |0E, N Q| < |A'AJA| + 1/n.

We set A, := AAE,: by (i) we have .Z4, w = 0A, N 90 = A’ and by (ii)
A, —=AinX | |0A,NQI<|OANQ| + |AAOA|+1/n .
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Hence
FO(An) < O'AB(|f5ﬂAB| + |AIA8A| + 1/TL) + O'Aw|AI| + O'Bw|BI| + C|8AI|
= oagl S| + O'Aw|AI NOA| + (Oaw + OaB) |AI \ OA| +
g
+ 0w|B' \ OA| + (Tew + 0ag) [B N OA| + ClOA]| + 2

— By (A,A) + 1B
n

We obtain (3.4) by letting n tend to oo. O

4. Proof of the I'-convergence result

In this section we prove Theorem 2.6. In order to simplify the proof, we will make two
additional assumptions: first we will assume that 99 is of class C2. This restriction is used in the
proof of statement (iii) of Theorem 2.6, and can be relaxed with some additional work to 9 of
class C'. However we cannot go below the C' regularity. The second assumption concerns the
potentials V and W:

there exists m so that —m < a, o/, 3,8" < m, W(x) > W(m) and V(z) >

V(m) for x > m, and W(z) > W(—m) and V(z) > V(—m) for z < —m. (4.1)

For instance, this condition is verified when V' and W are increasing on [m,+o00) and decreasing
on (—oo. —m] for some positive m. Assumption (4.1) will allow us to use the truncation argument
given Lemma 4.1. It can be removed but in that case the proof of Proposition 4.7 would require
more delicates truncation arguments which we prefer to avoid.

JFrom now on we always use the term “sequence” also to denote families (of functions) labelled
by the continuous parameter e, which tends to 0. On this line, a subsequence of (u.) is any sequence
(ue, ) such that ,, — 0 as n — 0o, and we say that (u.) is pre-compact if every subsequence admits
a converging sub-subsequence. To simplify the notation we often omit to relabel subsequences, and
we say “a countable sequence (u.)” to mean a sequence defined only for countably many ¢ = ¢,
such that £, — 0 as n — oo (we refer in particular to statements (i) in Theorems 4.2 and 4.4).

To begin we introduce the localization of the functionals F.: for every domain A C R®, every
set A’ C OA and every u € H'(A) we set

Fo(u, A, A) ;25/4|Du|2+ %/AW(U) - [ v (4.2)

(according to our convention the measure in the last integral is .#?). Notice that F.(u) =
F.(u,Q,09) for every u € H'(Q).

Lemma 4.1. Let be given a domain A C R® and a set A' C DA, and a sequence (u.) C H'(A)
with uniformly bounded energies F.(u., A, A"). If we take the truncated functions G.(x) := (ue(z) A
m)V —m, then F.(i., A, A") < F.(u., A, A"), and both ||t. —u.||r1(a) and || T —Tuc||p1(ary vanish
ase — 0.

Proof. The inequality F.(a., A, A") < F.(u., A, A") follows immediately from (4.1). The rest of the
statement follows from the fact that both W and V' have growth at least linear at infinity and the

integrals [ W(u.) and [V (Tu.) vanish as € — 0. This is a standard argument, and we omit it
(see for instance [AB], Lemma 1.11). O

In order to prove Theorem 2.6 we need some I'-convergence results which we group in the
following subsection.
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4.1. Preliminary convergence results

We begin with the basic I'-convergence result for functionals of Cahn-Hilliard type: for every
domain A C R® and every real function u € H'(A) we set

GLu, A) :=5/A|Du|2+%/AW(u), (4.3)

where W is the double-well potential given in subsection 2.3. Notice that G (u, A) = F.(u, A, @).

Theorem 4.2. (see [MM], [Mo])
For every domain A C R? the following three statements hold:
(i) every countable sequence (u.) C H'(A) with uniformly bounded energies Gl(u.,A) is pre-
compact in L'(A) and every cluster point belongs to BV (A, I);
(i) for every u € BV (A,I) and every sequence (u.) C H'(A) such that u. — u in L'(A) there
holds
lim inf Gl(u., A) > o (Su) ;

(iii) for every uw € BV (A,I) there exists a sequence (u.) C H*(A) such that u. — u in L'(A) and

lim sup G (u., A) < 0.7 (Su) ;

e—0

moreover when Su is a closed Lipschitz surface in A, we may require that each u. is (C/e)-
Lipschitz and (u.) converges to u uniformly on every set with positive distance from Su (here

C is the supremum of VW in [a,]).

Proof. This version of the Modica-Mortola theorem can be found in [Mo1] (see also [Al]). However
the second part of statement (iii) is not explicitely stated there, and therefore we briefly sketch its
proof.

Let ¢ : R — [, 3] be an optimal profile for the 1-dimensional functional [(9? 4+ W (v)), that
is, a global solution of the ordinary differential ¢ = /W () with ¢(0) arbitrarily taken in ]a, 5.
Then ¢ is increasing, converges to § at +oo and to a at —oo, and satisfies

[@+We) = [ 2/ ¢ = H(B) - H) =0 (4.4)

Let now be given u € BV (Q, ) such that Su is a Lipschitz surface, and denote by d the oriented
distance from Su given by d(z) := dist (z, Su) when = € {u = 8}, and by d(z) := —dist (z, Su)
when z € {u = a}. We set u-(z) := ¢(d(z)/e) for every ¢ > 0 and z € Q. One readily checks
that each u. is (C/e)-Lipschitz (because ¢ is C-Lipschitz) and converge to u uniformly on every
set with positive distance from Su. Taking into account that |Dd| = 1 a.e. in , by the coarea
formula one gets

Gl )= [ 2GR+ Wafe) = [ (GO +WO) A2 E)at, (4

where X; := {x : d(z) = s} is the s-level set of d. Since Su is Lipschitz, H?(3,) converges to
A% (Su) as s — 0, and if we use (4.4) and apply the dominated convergence theorem in (4.5), we
obtain that G (u.,A) converges to o.#>(Su) as € — 0. O

Theorem 4.2 captures completely the asymptotic behaviour of the energies F. in the interior
of 0, and justifies the term o.#*(Su) in the limit energy & (see (2.13)). The second term in @,
namely [, |H(Tu) - H(v)|, will be derived from the following proposition.
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Proposition 4.3. Assume that A C R® is a domain with boundary piecewise of class C, and A’
is a subset of OA with Lipschitz boundary, and let be given u € L*(A) , v € L*(A"). Then
(i) for every sequence (u.) C H'(A) such that u. — u in L'(A) and Tu. — v in L*(A’) there
holds
liminf G! (u., A) > |H(Tu) - H(v)| ;
e—=0 Al

(ii) if v is constant on A" and u is constant on A with u = a or u = 3, there exists a sequence
(ue) such that Tu. = v on A', ue converges uniformly to u on every set with positive distance
from A" and

lim sup G (u., A) < |H(Tu) - H(v)| ;
e—0 Al
moreover each u. can be taken (C/e)-Lipschitz, where C' is the supremum of VW over any
interval which contains the values of u and v.

Proof. Statement (i) is the key lemma in the proof of the main result of [Mo2], statement (ii) is
essentially contained in that paper, but not stated in this form. The proof is a modification of the
argument of the proof of Theorem 4.2. We consider the case u = f and v = v, with a < vy < 8
(the other cases can be treated in a similar way).

Let ¢ : [0,4+00[— [, 8] be a solution of the ordinary differential ¢ = /W (p) with ¢(0) = ~;
then ¢ is increasing, converges to § at +oo, and satisfies (cf. (4.4))

/0 T@ W) = [ /TR =) - H).

0

Denote by d(z) the distance of z from A’ and set u.(z) := p(d(z)/e) for every e > 0 and z € Q.
One readily checks that u. converge to u uniformly on every set with positive distance from A’,
u. is (C/e)-Lipschitz and G} (u., A) converge to (H(S3) — H(fy))e%ﬂ(A’). O

The last term in ®, namely C%l(SU), requires a more delicate treatment. The next steps
are crucial in the proof of the statements (i) and (ii) of Theorem 2.6. We begin with a singular
perturbation theorem for one-dimensional functionals: for every interval E C R and every function
v € LY(E) we set

g

2 —— =
G2(0,E) = o /E

Here we have replaced the usual Dirichlet integral by a nonlocal energy which is directly related to
the square of the norm of the space Hz(E). We will use G2(v, E) to write the value of F.(u, BN
2, BNON) in term of the trace v of w on BN N in the particular case where BN IN is a flat disk
(see Proposition 4.7).

Theorem 4.4. (cf. [ABS1])
Let V' be given as in subsection 2.3. Then the following statements hold:
(i) every countable sequence (v.) C L'(E) with uniformly bounded energies G2(v-,E) is pre-
compact in L*(E) and every cluster points belongs to BV (E,I').
(ii) For every v € BV (E,I') and every sequence (v.) such that v. — v in L'(E) there holds

v(z') —v(z)

o —x

’ dr'dr + )\E/EV(U) . (4.6)

lim i(I)lf G2 (v, E) > c#(Sv) (4.7)
E—r

where #(Sv) denotes as usual the number of points in Sv.

In order to prove Theorem 4.4 we need the following estimate:
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Lemma 4.5. Let be given § such that 0 < § < % For every interval J C E, € > 0
and v € L'(E), let A = A(J,e,v) and B = B(J,e,v) be the sets of all points x € J such that
v(z) < a' +6 and v(x) > ' — § respectively, and set

|ANJ]| |BNJ|
a=a(Jev):= , b=0b(J,e,v):= ,
|| || (4.8)
p::inf{V(t): a'+6§t§ﬁ'—5} :
Then for e < —=2IL e have
(6’*01725)2
G2(uz, J) > (8 — o' — 26)* [log(ab) + log(\.)] - (4.9)
T

Proof. The proof relies on the following key inequality, which is obtained by applying Proposition
6.1 with ¥(s) :=1/s* and [t,y] := J

dz'dx ab
AxB

By (4.6) and (4.8) we get

G20, ]) > — / ‘wrdm’dm A / V(o)

2w z —

(Ax B)U(BxA) J\(AUB)

€ dx'dx
> £(8' ~ ol - 29)’ / r—gp Pl \(AUB)

AxB
and by (4.10)
E(B —of —25)? _ab e
> (8~ a' - 20) log[1+1_a_b]+)\5p(1 a—0b)J|
€ TAep|J|
> (8 —a —26)2 1 —log(l—a— 1 d el S WP
> (5~ o' = 20)° [log(ab) —log(1 —a—b) + =0 s (1 —a = b)]
mAeol|J]|

now we apply the inequality —logt + Mt > log M with M := andt:=1—a—b, and

6(62—&2—26)2
recalling the assumptions on € we get

€, ' TA:pl|J|
> ;(B — o —26)? [log(ab) + log (—5(3' o 25)2)]
> %(5' — o/ — 26)? [log(ab) + log \.] . 0O

Proof of Theorem 4.4

The proof reduces to the following statement: given a countable sequence (v.) such that
G?(v., E) is bounded, possibly passing to a subsequence we have that v. converge in L!'(E) to
some v € BV (E,I'), and inequality (4.7) holds.

By a standard truncation argument we can assume from the beginning that o' < v. < ' for
every € > 0. Possibly passing to a subsequence we can assume that the (v.) converges weakly* in
L>(E) to some function v and generates a Young measure z — v, (for a detailed exposition of
the theory of Young measures, we refer to [Val-2]).
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Since A. = o0 as &€ — 0 and GZ(v., E) is bounded in e, we deduce that the integral [V (v:)

vanishes as € — 0, and then
/ (/V(t) dl/z(t)) dz =0 .
E NJR

AsW(t) =0ifand only if t = o' or t = ', the probability measure v, is supported on I' = {a', '}
for a.a. z; in other words there exists a function n : E — [0, 1] such that

vy = () -0 + (1= n(w)) - 050 for ae. z € E. (4.11)

We claim that 7 belongs to BV(E,{0,1}). Take indeed an interval J C E and § such that
0<d<? 5, and define a. := a(J,e,v:) and b. := b(J,e,v:) as in (4.8). By Lemma 4.5 we
obtain that for € small enough

GZ(ve, J) > —(B' — o' —26)*[log(a:b:) + log A ] . (4.12)

3o

Furthermore one readily checks that when £ — 0
a. = a(J) := ﬁfJn and b — b(J) := |17|fJ(1—n) .

If a(J) - b(J) > 0, when we pass to the limit in (4.12) we get

K(ﬂ’ —a')Y’=c (4.13)

liminf G2 (v., J) > —
e—0 ™

(recall that elogA\. — K and § can be taken arbitrarily small).

Consider now the set S of all € E such that the approximate limit of  at z does not exists
or belongs to ]0, 1[. For every finite integer m < #(S) we can find pairwise disjoint open intervals
Ji,i=1,...,m, such that J; NS # @. Then a(J;) - b(J;) > 0 and (4.13) becomes

liminf G%(v., J;) > ¢,
e—0

and since G2 (v, -) is super-additive on disjoint sets,
m
lim inf G2(v-, E) > ) lim inf G*(v., J;) >mc . (4.14)
i=1

Hence S is finite, and since 1 has approximate limit equal to 0 or 1 outside of S, we deduce that
1 belongs to BV (E,{0,1}) and Sn = S. The claim is proved.

According to (4.11) we deduce that v, is a Dirac mass for almost every z; hence v, converge
strongly to v and
v(z) == a'n(z) + B (1 —n(z)) forae z€kE.

Then v belongs to BV (E,I'), Sv = Sp =S and by taking m = #(S) in (4.14) we get

limi(r)lng(vg,E) > C#(Sv) . O
e—

Remark 4.6. In [ABS1], we proved that the lower bound given in (4.9) is in fact optimal: for every
v € BV(E,I') we can find a sequence (v.) C H'(E) such that v. — v in L*(E) and

lim G2 (v.,E) = c#(Sv) . (4.15)
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Therefore the functionals G2(-, E) [-converge in L!(E) to the functional which is equal to € #(Sv)
for every v € BV (E,I') and to 400 elsewhere.

Using Theorem 4.4 and a suitable slicing argument we can obtain the optimal lower bound
for the energies F.(u, BN Q, BN Q) when B is a ball centered on 9Q and B N 0N is a flat disk
(Proposition 4.7). Later on we will show that this flatness assumptions can be dropped when B is
sufficiently small.

Proposition 4.7. For every r > 0, let D, be the open half-ball of all x = (x1,x2,x3) € R® such
that |z| < r and x3 > 0, and E, the disk of all = such that |z| < r and z3 = 0. Let (u:) C H'(D,)
be a countable sequence with uniformly bounded energies F.(uc,D,,E,). Then the traces Tu. are

pre-compact in L'(E,) and every cluster point belongs to BV (E,,I'); moreover if Tu. — v in
L'(E,), then

liminf Fe(ue, Dy, By) > C ‘ / ” (4.16)
=0 E.NSv

Proof. By Lemma 4.1 we can assume that |u.| < m where m is the constant in (4.1). To simplify
the notation we write D and E.

The idea is to reduce to statement (i) of Theorem 4.4 via a suitable slicing argument. We fix
now an arbitrary unit vector e in the plane P := {z3 = 0}, and we denote by M the orthogonal
complement of E in P and by « the projection of R* onto M. The segment 7(E) is called E.; for
every y € E., EY denotes the segment 7! (y) N E and DY the half-disk 7~ (y) N D.

A Xg
DY D y
E Ee
E M
‘ O
q y i
»e Ee vye

Figure 4: the sets D, E, E., EY and DY.

For every y € E,. and every function u on D, u¥ denotes the restriction of u on DY, and for
every function v on E, v¥ denotes the restriction of v on EY. If u € H'(D), then for a.e. y € E,
the function u¥ belongs to H!(DY), the gradient of u¥ agrees a.e. in DY with the projection of Du
on the plane spanned by the vector e and the axis z3, and the trace of u¥ on EY agrees a.e. in EY
with (Tw)¥ (cf. Proposition 6.8). Taking into account these facts and Fubini’s theorem, for every
e >0 we get

Fo(u, D, E) ZE/ |Du|2+/\g/ V(Tu)
D E

2/ [/ |DuY[? + A V(Tuy)] dy
E. Dv EY

We apply now the trace inequality (6.6) to each function u¥ on the half-disk D¥, and then

Tu¥(z') — Tu¥
RwpE2 [ [ RO
E. 27 (Ev)? Ev

-z
=/ G*(Tu?,EY) dy . (4.17)
E.

(z) ‘ da'dz + \.

V(Tuy)] dy
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Let us prove that the sequence (Tu.) is pre-compact in L' (E). To this end it suffices to show
that the family F := {Tu.} satisfies the assumptions of Theorem 6.6 for every of the unit vector
e. Thus we fix § > 0 and we choose a constant C' such that

FE(,U/E7D7E)SO7 (4'18)

for every € we take v. : E — [-m,m] defined by

(4.19)
o otherwise.

o {Tug for all y € E, s.t. G2(Tu?, EY) < 2mrC/é,
By (4.17), (4.18) and (4.19) we have v¥ = TwY for all y € E, apart a subset of measure smaller than
d/(2mr). Hence v. = Tu. in F minus a set of measure smaller that é/m and, since |Tu.| < m,
we deduce that |lv. — Tu.||z1(g) < 0. Therefore the family 75 := {v.} is d-dense in F in the
sense of subsection 6.3; by (4.19), G2(v?, E¥) < 2mrC/§ for every y € E, and every ¢, and hence
statement (i) of Theorem 4.4 implies that the sequence (v¥) is pre-compact in L'(EY). Thus F
satisfies condition (6.9) in Theorem 6.6 for every e, and then the sequence (T'u.) is pre-compact
in LY(E).
It remains to prove that if Tu. — v in L'(E,), then v belongs to BV (E,,I') and inequality
(4.16) holds. replacing u by wu. in (4.2) and passing to the limit as ¢ — 0, by Fatou’s lemma we
deduce that

liminf F. (u.,D, E) > / liminf GZ(Tu?, EY) dy ,
e—0 e—0

E.
and then liminf G?(TuY, EV) is finite for a.e. y € E,.

Since Tu. — v in L*(E,), possibly passing to a subsequence we have that Tu? — v¥ in
L'(E,) for a.e. y € E. (cf. Remark 6.7). Then statements (i) and (ii) of Theorem 4.4 yield
v¥ € BV(EY,I') and

liminf F; (u., D, E) > / C#(SvY)dy . (4.20)
e—0 E.
The right hand side of (4.20) is finite, and then Proposition 6.9 implies that v belongs to BV (E,I')
and that Sv¥ agrees with Sv N EY for a.e. y € E.. By (6.14), we may rewrite (4.20) as

liminf F. (u.,D,E) > C / (vy,e) . (4.21)
£—0 DNSv
Finally (4.16) follows from (4.21) by choosing a suitable unit vector e. O

4.2. Reduction to the flat case

The contribution of the wall to the limit energy ® will be obtained by estimating the asymp-
totic behaviour of F;(u, BN, BNAN) when B is a small ball centered on 9. This estimate will
be derived by Proposition 4.7, provided we can evaluate the error we make when we perturb BN}
to get an half-ball. We expect of course that this error goes to zero with the radius of B and that it
is controlled by the flatness of the boundary 02, but making this argument precise requires some
computations. We first describe the behaviour of F. under change of variable.

Definition 4.8. Given two domains A;, 4> C R?® and a bi-Lipschitz homeomorphism ¥ : 4; —
A,, the isometry defect §(¥) of W is the smallest constant & such that

dist (D¥(z),0(3)) < 4§ for ae. z € A4y, (4.22)
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here O(3) is the set of linear isometries on R®, and D¥(z) is regarded as a linear mapping of R®
into R?; the distance between linear mappings is induced by the norm || - ||, which for every T is
defined as the supremum of |Tw| over all v such that |v| < 1.

Given T and L such that L is an isometry, the inequality ||T'— L|| < é with § < 1 implies that
T is invertible and ||T~* — L™!|| < 6/(1 — §). Hence (4.22) implies that dist (D®'(y),0(3)) <
§/(1—0) for a.e. y € A,, that is, §(T ) < 6(¥)/(1 - §()).

Inequality (4.22) also implies that [|[D¥|| < 146 a.e. in A;, and then ¥ is (1 + 6)-Lipschitz
on every convex subset of A;; similarly, ¥! is (1 — §) !-Lipschitz on every convex subset of As.

Proposition 4.9. Let be given A1, As and ¥ as above, and assume that ¥ maps a certain set
A} C 0A; onto Ay C OAs. Then for every u € H(As) there holds

F.(u, As, A) > (1= 6(0))” Fo(uo ¥, Ay, A}) . (4.23)

Proof. Let 6 := 6(¥) and assume that § < 1. By (4.22) we get ||[D¥|| <146 a.e. in Ay, and then
|D(uwo ®)| < (1+6)|(Du)o¥| ae. in A;. (4.24)

Let g and ¢’ denote the inverse of ¥ and the restriction of the inverse of ¥ to the boundary of
As. The maps g and ¢ are locally (1 — &)~ !-Lipschitz, and then the Jacobian determinants satisfy
|7g] < (1 —6)72 a.e. on Ay and |Jg'| < (1 —§)~2 a.e. on OAy. Using these estimates and the
inequality (1 — 6)~! > 1 + 4, one can derive (4.23) from (4.24) by the usual change of variable
formula. O

Proposition 4.10. For every x € 02 and every positive r smaller than a certain critical value
re > 0, there exists a bi-Lipschitz map ¥, : D, — QN B,.(x) such that

(a) U, takes D, onto QN B.(z) and E,. onto 00N B,(x);

(b) ¥, is of class C* on D, and ||D¥, — I|| < §, everywhere in D,, where §, — 0 as r — 0.

(Here T denotes the identity map on R®). In particular the isometry defect of ¥, vanishes as
r— 0.

Proof. We assume that = 0 and the tangent plane T, (912) agrees with the plane {z3 = 0}, and
we write B, for B,.(z). For every positive v < 1 and for every r sufficiently small, we construct a
map ¥ which fulfills (a) and [|D¥ — I|| < O(v).

Since 9Q is of class C*, for r sufficiently small we reduce to the situation described in figure
5 below:

Erx(0,yr) A

Q
) S N
| 737/107/7:{ i’ Wd

graphof f:Ef - (—yr, yr) -

Figure 5: construction of ¥ := \Ilfl oWy0 Wy,
Here B is the set of all x € B, such that —yr < z3 < vr; the map ¥; which takes D, N B}
into the cylinder E,. x (0,~r) is given by

‘1’1($1,$2,$3) = (\/1 —aj(ll‘3/7‘)27 \/1 —:E(21‘3/7‘)2’ £E3) -
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For r small enough, ¥; takes the set 2N B into a set of the form A := {x € R? s.t. (z1,20) € E,
and f(z1,22) < 23 < ’yr}, where f is a suitable real function of class C' on E, and satisfies
f(0) =0, Df(0) =0, |[Df| <+? on E,. The map ¥, which takes the cylinder E, x (0,7) into A
is given by

Uy (21,20, w3) == (21, T2, T3 + (1 — %)2]0(961,962)) .

If T denote the identity map on R?, then ||[D¥; — I|| = O(y?) and ||D¥, — I|| = O(y); therefore
the map ¥ := ¥;' o ¥y 0 ¥; (extended to the identity in D, \ B)) satisfies (a), is of class C* on
D, and ||D¥ — I]| = O(y). O

4.3. Proof of Theorem 2.6, part I

Proof of statement (i)

Let be given a countable sequence (u.) C H'() such that F.(u.) is bounded in £. Since
F(u:) > Gl (ue, Q) (see (2.12) and (4.3)), the sequence (u.) is pre-compact in L'(Q) by statement
(i) of Theorem 4.2.

We have to prove that the sequence of the traces (Tw.) is pre-compact in L'(9Q). In view
of Proposition 4.10 we can cover 9 with finitely many balls B? centered on ) so that Q N B? is
the image of an half-ball under a map ¥? with isometry defect smaller than 1. Hence it suffices to
show that the sequence (T'u.) is pre-compact in L'(8Q N BY) for every i.

For every fixed i, let @. := u. o U?. Since the isometry defect of ¥? is smaller than 1,
Proposition 4.9 implies that F.(@., D, E,) is bounded. Hence the pre-compactness of the traces
Tu. in L'(092 N B?) is implied by the pre-compactness of the traces Tu. in L'(E,), which in turn
follows from Proposition 4.7. O

Proof of statement (ii)

Let be given a sequence (u.) C H*(Q2) such that u. — u € BV(Q,1I) in L'(Q) and Tu. — v €
BV (0Q,I') in L'(092). We have to show that

liminf F; (u:) > ®(u,v) . (4.25)
e—0

Clearly we can assume that the liminf at the left hand side of (4.25) is finite.
For every € > 0 let u. be the energy distribution associated with the configuration u., that is,
the positive measure which for every Borel set B C R® is given by

1
pe(B) :==¢ |DU’E|2 + - W(u:) + A V(Tue) . (4.26)
QnB € JanB aQNB

Then the total mass ||u.|| of the measure p. is equal to F.(uc), and possibly passing to a subse-
quence we can assume that ||uc|| is bounded and that p. converges in the sense of measures to
some finite measure g on R?,

We also associate to each of the three terms in (2.13) which give ®(u, v) the energy distributions
b, 1? and p? defined by

p'(B) :=o#*(SunB), u*(B):= /|H(Tu) —H®)|, p*B):=cx#'(SvnB).
oQNB

Thus ®(u,v) is equal to ||u*|| + ||#?|| + ||®]|, and since the measures u® are mutually singular and
liminf F; (u.) = liminf ||uc]| > ||p||, inequality (4.25) follows from

pw>pt fori=1,2,3. (4.27)
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We prove that g > p! by showing that u(B) > p!(B) for all sets B C R® such that BN Q is
a Lipschitz domain and u(0B) = 0 (one readily checks that this class is large enough to imply the
inequality u(B) > u*(B) for all Borel sets B). Indeed for such a B there holds

p(B) = lim pi.(B) > lim nf Gl(u.,BNQ) > o#*(SunB) = u'(B),
E—> E—>

where first equality follows from the assumption p(0B) = 0, the first inequality follows from (4.26)
and (4.3), and the second one by statement (ii) of Theorem 4.2 with A := BN Q.
We prove that u > p? in the same way: taken B as before we get

wu(B) > limi(r)lfGi(uE,B naQ) > /|H(Tu) - H(v)| = 12(B)
e—
HONB

(apply statement (ii) of Proposition 4.3 with A := BN Q and A’ := BN 9N).

The inequality > p? requires a different argument. Since i3 is the restriction of #' to the
rectifiable set Sv multiplied by the factor C, the following density estimate will suffice:

i 1B (2)

r—0 r

>c for #'-ae. x € Sv. (4.28)

The limit at the left hand side of (4.28) is the one-dimensional density of the measure u at z.
Since Swv is one-rectifiable, this density exists and agrees with the Radon-Nykodim derivative of
the measure p with respect to p3 for #'-ae. z € Sv.

In fact we prove (4.28) for every point z in Sv such that the limit at left hand side of (4.28)
exists, the set Sv has 1-dimensional density equal to one, and the unit normal v, is approximately
continuous at z (notice that these three conditions are verified for /#'-a.e. = € Sv).

We fix such a point z. For r sufficiently small we choose a map ¥,. as in Proposition 4.10; we
assume moreover that u(dB,(x)) = 0 (this condition is verified by all r but countably many).
We set 4. := u. o ¥, and ¥ := v o ¥,. Hence Tii. — © in L'(E,), v € BV(E,,I') and

u(Br(z)) = gl_r% p=(By (7)) = Eh_rf(l) F; (Usa QN By (z), 00N Br(l'))

> (1-6(2,))° lim inf F. (., D,, E,)

STNE,

where the first inequality follows from (4.23) and the second from (4.16).

Notice that SvNB,(z) = ¥,(STNE,), and v, (¥, (y)) = DU, (y)-vs(y) for a.e. y € Sv; taking
into account that ||D¥, — I|| < 6, and §(¥,.) < d, where §, vanishes as r — 0 (cf. Proposition
4.10), and the choice of the point z, one can easily prove that

Y
STNE,

Inequality (4.28) follows from (4.29) and (4.30). O

> (1-6(3,)) ¢

, (4.29)

=2r+o(r) . (4.30)

4.4. Proof of Theorem 2.6, part II

We need the following extension result.

23



Lemma 4.11. Let be given a domain A C R® and a real number m > |a|, |8|. Take e €]0,1], a set
A' C DA, and a Lipschitz function v : A’ — [—m,m]. Then v admits an extensionu : A — [—m,m)]
such that Lip(u) < 1/e + Lip(v) and

GL(u, A) < ((eLip(v) + 1)* + C) (|0A] +o(1)) p , (4.31)

where C' is the supremum of W on the interval [—m,m], the error o(1) is a function of € which

depends only on the choice of A and m (and not on v), and p is the infimum between ||v — o
and ||v — B|so-

Proof. Since we can extend v to the rest of 0A without increasing its Lipschitz constant, we assume
from the beginning that A’ = 0A. We also assume that p := ||v — a||« (the other case is similar).

Let U; be the set of all x € A such that 0 < dist (z,0A4) < t. We set u :=v on JA and u = «
on A\U.,. Then u is (Lip(v) +1/¢)-Lipschitz on A\ U,., and we extend it to the rest of A without
increasing its Lipschitz constant. Then

U:
Gl(u,A) = / e|Dul” + LW (u) < [(eLip(v) + 1)* + O] | ap| . (4.32)
Us,
Finally it is enough to notice that |U;| = ¢ |0A| + o(t) because 0A is Lipschitz. O

Statement (iii) of Theorem 2.6 is a direct corollary of the following approximation result.

Lemma 4.12. Let be given u € BV (Q,I) and v € BV(9Q,1I") so that Su and Sv are closed
manifolds of class C? without boundary respectively in Q and 0. Then for every n > 0 and every
e >0 we can find u. € H'(Q) such that

limsup [lus —ullpre) <n  and  limsup||Tu: —v||r190) <7, (4.33)
e—0 e—0

lim sup F.(u.) < 0%(Su) + / |H(Tu) — H(v)| +c#"(Sv) +n . (4.34)
e—0 o

Proof. Possibly modifying v and v in a negligible subset we can assume that they are constant in
each connected component of Q \ Su and 9\ Sv respectively.

Let us fix some notation. We choose a number m such that —m < a, 8,0/, 8" < m and all
the functions we consider in this proof will take values in [—m,m]. We fix a constant C' > 2m
which is larger than the constant C' in Lemma 4.11, and of the suprema of W, W and V on the
interval [—m, m]. In particular C' is larger than the constants in statement (iii) of Theorem 4.2 and
statement (ii) of Proposition 4.3. For every x € Q2 we set d(z) := dist (z,90), while d’' : 00 - R
is the oriented distance from Sv defined by

v\ [ dist(z,Sv) ifze{v=7p"Y,
d(z) := { —dist (z,Sv) ifz e {v=a'}.

Since Sv is a boundary in 0f2, the intersection of a tubular neighborhoud of Sv and  is diffeo-
morphic to the product of Sv and an half-disk. Such diffeomorphism ¥ can be constructed as
follows: given x € (2, let 2’ be the projection of z on 8, let 2" be the projection of ' on Sv, and
set ¥(z) := (2", d'(2'),d(z)) € Sv x R x [0, 400[. Using the tubular neighborhoud theorem one
can show that the map ¥ is well-defined and is a diffeomorphism of class C? on Q N U for some
neighborhoud U of Sv (here we use the fact that 0Q and Sv are of class C?). Moreover ¥ takes
QNU into Sv x Rx]0,+o00[ and 92 N U into Sv x R x {0}, and for every x € 9Q, ¥(z) = = and
DV (z) is an isometry.
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Let A, be the set of all € Q such that dist (z, Sv) < r. Since DV is continuous, we deduce
that the isometry defect §, of the restriction of ¥ to the A, satisfies

lim 8, =0 . (4.35)

r—0

We denote by .7, the set of all z € Q such that d(z) = r, and we fix now r > 0 so that
(a) 7 and S, are Lipschitz surfaces,

(b) Sun .7 is a Lipschitz curve (not necessarily connected),

(c) the set A, is included in U.

Notice that (a) and (c) are verified by every r sufficiently small, while (b) is verified by a.e. r
sufficiently small (apply Sard’s theorem to the function d on the surface Su). We construct now a
partition of €:

By :={z € Q: dist (z,Sv U (Sun 7)) < 3r},
A ={zeQ\B;:dx)<r},

By:={z € Q\By:r<d(z)<2r},

Ay 1= {:E €Q\B;: 2r <d(a:)},

AL — 9Q

Bl o Sy

|
My e, = suns g,

Figure 6: the partition of 2.

For every € < r we construct the Lipschitz function u. in four steps: first we define it on A,
and A, and then on Bs and Bj.

On the set A, we take u. as in the second part of statement (iii) of Theorem 4.2 (with A
replaced by As) and we extend it to dAs by continuity. Hence u. is (C/e)-Lipschitz on As, it
converges to u pointwise on A, and uniformly on 0As N 0By, and

F.(uz, Ay, 0) = GL(uz, Ay) < 02 (Sun As) + o(1) < .2 (Su) + o(1) . (4.36)

The function u is constant (equal to « or ) on every connected component A of Ay, while v
is constant (equal to o' or ') on A N AN (cf. figure 6); thus we take u. as in statement (ii) of
Proposition 4.3 (with A’ replaced by 04 N 9N) and we extend it to A; by continuity. Since the
distance between two different connected components of A, is larger than r and C'/e > 2m/r, then
u. is (C/e)-Lipschitz on A; and agrees with v on A; N JQ. Moreover it converges to u pointwise
on A; and uniformly on dA; N 9By, and satisfies

F.(u.,A1,04, N0Q) = G (u., A)) < |H(Tu6) - H(v)| +o(1) . (4.37)
o0

Since the distance between 4; and A, is equal to r and C'/e > 2m/r, then . is (C/e)-Lipschitz
also on Ay U Ay. Then we can apply Lemma 4.11 to each connected component B of Bs to extend
the function w., which is defined only on (0A4; U 9A2) N OB, to the rest of B; since u is constant
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(equal to « or ) on each connected component of By, if we denote by p. the infimum of |u. — u]
on (04; UJA>) N OBy, then p. = o(1) and (4.31) yields

F.(uz, By, 0) = G (ue, By) < (14 C)* + C) (|0Ba] + o(1)) p- = o(1) . (4.38)

Moreover u. is (2C/e)-Lipschitz on Bs.

It remains to construct u. on B;. This last step is slightly more elaborated than the previous
ones. First of all we define a function w. : R x [0, +0o[— [—m,m] as follows: in polar coordinates
0 € [0,7], p € [0, +00],

(pA- /) (B! + (1 —0)B") + (1 — pA.Je) “FE° it 0 < p <e/A.,
wf(eap) =
b’ + (1 —0)p' if e/Ae < p.

For every ¢t > 0 let D; be the half-disk of all y € Rx]0,+o0o[ such that |y| < t, and let E; be the
segment of all y € R x {0} such that |y| < ¢. A direct computation gives

/D |Dw.|? = M log(A./g) + O(1) . (4.39)

We set W (x,y) := w.(y) for every z € Sv and y € R x [0, 4+00[, and using (4.39) we obtain
FE(U_JE,SU X D25,SU X Egs) =
1
=0 e [ pwf el [ W [ viw)]
Do, € Do EE/XE

1 12
< A" (Sv) - [ualog(/\g/a) +2meC + 250] =c " (Sv) +o(1) . (4.40)

™

We define u. on the set A, by u. := w. o ¥, where ¥ and A, are given at the beginning of this
proof. Since the isometry defect of ¥ on A, tends to 0 as ¢ — 0 (cf. (4.35)), for £ small enough
the function ¥ is 2-Lipschitz (see Definition 4.8 and subsequent remarks), and then ¥ takes A
into Sv X Da. and 0A. N 0N into Sv X Ez.. Then (4.40) and Proposition 4.9 yield

(1 - 6.)°F(ue, A, DA N 9Q) < F.(., Sv x Do, Sv x Fo.) < €. (Sv) +o(1) . (4.41)

We extend u. by setting u. := v in the rest of 9B; N 0Q; then u. = v on 9N \ dA.. Now wu, is
defined on the whole boundary of B; \ A. and is (2C//¢)-Lipschitz. Hence we can use Lemma 4.11
to extend u. to By \ A., and inequality (4.32) yields

F.(us, By \ A:,0(B1 \ A:) N 9Q) = GL(ue, By \ A:) < ((142C)* +O) |UE—E"| , (4.42)

where p is the infimum of ||u. — || and |lu. — 8|, and U., is the set of all z € By \ A. such that
dist (z,0(B; \ A:)) < pe. Since p < 2m and |U.,| = ep |0B1| + o(ep), (4.42) becomes

F.(ue, By \ A.,0(By \ A.) N0Q) < C'|9By| + o(1) (4.43)

where C" := (1 +2C)% + C.
The function u. is now defined on the whole of Q and is Lipschitz. Putting together inequalities

(4.36), (4.37), (4.38), (4.41) and (4.43) we finally obtain

limsup F.(u:) < 0% (Su) + | |H(Tu) — H(v)| +c#"(Sv) + C'|0B] . (4.44)
o0

e—0
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Moreover u. — u pointwise on A; and As, and u. = v on 90N\ A., and then

lims(l)lp lue — ullpi@) < 2m(|Bi| + |B2|) and lim || Tue = vllz1 o) =0 - (4.45)
E—> €

Notice that |0Bj|, |B1| and |Bz| have order r, > and r respectively, then taking r small enough
we deduce (4.34) and (4.33) from (4.44) and (4.45). O

Proof of statement (iii) of Theorem 2.6

We first remark that every pair (u,v) € BV (Q,I) x BV (0Q,I') can be approximated in
L' () x L' (09Q) by a sequence (un,v,) which fulfill the regularity assumptions of Lemma 4.12 and
satisfies .27 (Su,) — #*(Su) and #*(Sv,) — #*(Sv) (see for instance [Gi], Theorem 1.24).
Therefore ®(up,v,) = ®(u,v). To conclude the proof of statement (iii) of Theorem 2.6, we just
need to apply Lemma 4.12 to each pair (u,,v,) and then apply a suitable diagonal argument. O

5. Application to capillary equilibrium with line tension

In this section we describe some mechanical features of the equilibrium configurations asso-
ciated with the relaxation Fy of the energy Fy (see subsection 2.2) or with the limit energy F
obtained in subsection 2.3. We follow the notation of subsections 2.2 and 2.4.

We recall that Fp and F are given in term of ®; and & (see (2.6), (2.16)), which in turn can
be viewed as special cases of the more general energy ®gen given in (2.19) (following subsection
2.4, here we view F as a function of A € X instead of u € BV(Q,I), and ® as a function of
(A,A") € X x X' instead of (u,v) € BV (Q,I) x BV(99Q,1')).

The functional ®ge, depends on the bulk phase A and the boundary phase A’ (which determine
respectively the other bulk phase B and the other boundary phase B’). A configuration A € X
is at equilibrium with respect to Fy (resp. F) under the volume constraint |A| = v if and only if
there exists A’ € X' such that (A,A’) is an equilibrium configuration for ®y (resp. ®).

In subsection 5.1 we briefly describe the equilibrium conditions for a configuration (A, A’) with
respect to the energy ®gen; in particular we notice that, at equilibrium, the contact angle ¢ satisfies
a different condition than the usual Young’s law (prescribed by the capillary energy Ey in (1.1)).
This modification depends heavily whether the contact line .Z. and the dividing line Za/g: coincide
or not. In subsection 5.2 we exhibit examples where %, and Zag coincide and examples where
they do not.

5.1. Equilibrium conditions for the energy ®gen

The general model ®ge, is characterized by the coeflicients oag, Oaar, Oap', Ogar, Ogs and
¢; we assume that the generalized wetting conditions (2.24) are verified. A configuration (A,A’)
is in equilibrium if it minimizes ®gen under the volume constraint |A| = v for some v such that
0 <wv < |Q], that is, if it solves the problem

min {O'AB|§ﬂAB| +GAAr|yAAI| +0'AB’|e5ﬂAB’| +
AEX,[Aj=v

AEX! (5.1)

+ JBA,|§WBA/| + UBB’|¢¢BB’| + C|$A’B’| } .

We just recall here that since ®gep, is lower semicontinuous on X x X' (Theorem 2.9), then the
minimum problem (5.1) admits a solution (A, A’) where A and A’ have finite perimeter (respectively
in Q and 09). By standard regularity results for sets with minimal perimeter in dimension 3 and
2 (see for instance [Ta], [Amb2]), the essential boundary of A in Q, that is, the interface Sag, is
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a closed analytic surface with constant mean curvature, while the essential boundary of A’ in 912,
that is .Znp, is a closed curve of class C'L.

For the rest of this section we assume that all the objects we consider are sufficiently smooth,
and all statements are given without rigorous proofs. Let us recall the geometrical parameters of
the problem. Given a configuration (A,A’), the contact line % is the curve determined by the
intersection of the interface .#ag = A with the boundary of Q, the contact angle 8 is defined at
every point of %, as the angle between the outward normal vo to 992 and the outward normal
to .Zas (viewed as a part of the boundary of A); the dividing line Zag is the boundary of A’,
and at every point € Zag we denote by K,(z) the scalar product of the outward co-normal
versor of A’ (denoted v4/) by the mean curvature vector of -Zap/; in other words the real number
K4(z) represents the signed geodesic curvature of Zn g, oriented by the tangent vector ¢ so that
the Darboux system (t,v4/,vq) is direct.

boundary phase B'
boundary phase A'

phase B

dividingline g ]
contactline ¢

Figure 7: an example of equilibrium configuration

We define now the angles 61,6, € [0, 7], the dimensionless parameter 7 and the characteristic
length ¢ as follows:

Oanr — OBA’ Oap’ — OBB’
cos(fy) == — | cos(bp) = — |
OAB OAB (5.2)
Ogp' + Oap' — Opar — OBAY / C )
T = , =—
OAB OB

In the following we assume that 8; > 65, the other case being similar.

Let (A, A’) be an equilibrium configuration for ®,,, that is, a solution of (5.1). Then the mean
curvature of the interface .#ag is constant, moreover we can derive some equilibrium conditions for
K, and 6. More precisely, the contact angle 8 verifies

g — {91 on (fc\gA/Br)ﬂAl,
o 02 on (_g(- \gA’B’) n BI, (53)

6 €l0:,61] on LN ZLup,

while the geodesic curvature K, verifies

T — cosf; + cos by on (L \ %) N Saw,
2K, = { T 4+ cosf; — cos By on (ZLaw \ L) N Ssw, (5.4)
T —cosf; —cosby +2cosf on Lap NL

(we do not precise here in which weak sense the curvature must be intended; clearly (5.3) and (5.4)
will hold in the classical sense up to few exceptional points).

Both equilibrium conditions (5.3) and (5.4) can be easily interpreted in term of forces. Notice
that the first two lines in (5.3) are a restatement of Young’s law (cf. (1.3) and (5.2)), while the first
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two lines in (5.4) are the usual constant mean curvature condition for the minimizers of functionals
of the type a|0E|+b|E| E C 00 with E C 09, that is a Young’s law on the manifold 0Q. In the
interesection of %, and Za/g/, the balance between forces due to surface tension, line tension and
boundary adhesion leads to the relation between 6 and K, stated in the last line of (5.4).

We remark that the dividing line .Zpg may be empty, namely when A’ (resp. B') is empty; in
this case condition (5.4) disappears and eventually (5.3) reduces to the usual Young’s law 6 = 6,
(resp. 6 = 61) on Z.

Both (5.3) and (5.4) depends only on the four independent parameters 6;, 6>, 7 and ¢ which
determine the equilibrium configurations of ®gen. This is in accordance with subsection 2.4, where
we claimed that the model associated with ®g., has indeed four degrees of freedom.

5.2. An example: a bubble growing in a cylinder

In this subsection we give some explicit examples of equilibrium configurations. We restrict
our attention to the particular case

oan =0 =0, Oag =0par =0ag =0 . (5.5)

Then 6, =7, 6, =0, 7 = 0, and the only free parameter left is £ := ¢/o (cf. (5.2)). The expression
of ®4en becomes

Byen(A,A") = 0(|.58| + | Sae | + | S8ar| + 0| Lawr]) - (5.6)

Notice that (5.5) implies (2.22), and therefore ®ge, is a particular case of ®, (corresponding
to the relaxation of Fy when oaw = ogw = 0) or of & (when the wells of V and W satisfy
a=ad <=0

We consider now the (limit) case where the container (2 is an infinite cylinder of radius r and
the volume of the phase A is a finite number v, and we study the behaviour of the equilibrium
configurations as v increases from 0 to +oco. Under the additional assumption that r < £/2, we
obtain in fact a complete description of the equilibrium configurations for every value of v.

Proposition 5.1. Assume that r < (/2 and let vy := 47r®/3 and vy := 7r?(r/3 + 2() (hence
vy < wy). Then the equilibrium configurations (A,A’) are given as follows:

3_1))1/3

v , A" is empty, and the total energy is

(i) when v < v, A is any sphere with radius p := (
given by

E = 4np’o = (36m)' /2 ov*/? (5.7)

(il) when v1 < v < veo, A is the union of two half-spheres of radius r and a cylinder of radius r
vV—V1

and heigth d (see figure 8 below) where d := “=3+, A’ is empty, and the total energy is

drr? 2
i +—“) ; (5.8)

E = o(4mr® + 27rd) = U( 3 .

-2

(iii) when v > vq, A is a cylinder of radius r and heigth = r—2v and A’ agrees with the interface

Iaw (see figure 9 below); the total energy is

E := o(2mr? + 4nrl) . (5.9)
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boundary phase B' d no boundary phase A'

\
\
| phaseB
I
/

/

phase B !

phase A contact line £L¢  nodividingline Lag:

Figure 8: equilibrium configuration for v; < v < vs.

boundary phase B' boundary phase A' boundary phase B'

\ \ \
\ \ \

' phase B | phase A phase B ‘

! ! !
/ / /

contact line c¢=dividingline ap

Figure 9: equilibrium configuration for vy, < v.

The result of Proposition 5.1 can be interpreted as follows: for v smaller than the critical
volume v, the minimal energy is achieved when A’ is empty; this means that the dividing line
Zap is empty no line tension appears. When v is smaller than vy, A is a spherical bubble which
touches the wall of the container in at most one point (and the contact line is empty); when v
reaches the value v the sphere A becomes tangent to the cylinder (on a circle) and then it grows as
shown in figure 8. In the intermediate range v; < v < vg, the contact line %, consists of two circles
(delimiting the part of the wall corresponding to #aw) and the contact angle 6 is everywhere equal
to 2 = 0. When v passes the critical value vg we have a sudden change: the boundary phase
A’ appears and agrees with the interface .#pw; the contact line .4, and the dividing line .Zprp:
coincide and have vanishing geodesic curvature K,(x). Then (5.4) shows that the contact angle 6
is equal to 5.

In other words, if we consider the quasistatic evolution of the system when the volume v
of phase A increases continuously from 0 to +o0o, the bubble will experience a discontinuity in
(from # = 0 to # = T) when v reaches the citical value v;. This example shows that for a good
understanding of this model of capillarity with line tension it is crucial to admit boundary phases

which may not agree with the interfaces between the bulk phases and the wall.

Remark 5.2. In the previous example we have assumed condition (5.5) only to provide explicit
computations. Another interesting situation is obtained when the container (2 is an a half-space
and the coefficients of ®gen satisfy, instead of (5.5),

Opnr = 0gpr =0 0<0'AB/:O'BAr:O'I<O'AB:0'.

In this case the angle 65 lies in interval (0,5), 61 = 7 — 6, and 7 = 0 (see (5.2)).

Under these assumptions we expect the following picture (which has been partially confirmed
by numerical computations): when the volume v of the phase A is small, the optimal configuration
is obtainbed when A’ is empty and the interface .#ag is a spherical surface which meets the wall
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00 with constant contact angle = 65; in this regime A grows homotetically with v, the dividing
line is empty and there is no line tension.

When v is larger than a certain critical value v, the optimal configuration is obtained when
A’ agrees with Saw and Y is a spherical surface which meets 92 with constant contact angle
6 € (f2,%). When v passes vy the contact angle 6 increase discontinuosly from 6, to a certain
fo € (62, 5); also the radius of the disk .”ag admits a discontinuity at v = vg. In the regime v > v
the dividing line agrees with the contact line, the radius of the disk .#ag increases with v, while the
relative contribution of line tension to the total energy decreases, and the contact angle increases
to /2 as v — oc.

Sketch of the proof of Proposition 5.1.
Since ZNB/ = 8A', yAB = 0AN Q, yAB’ = 0A \ AI, yBA' = A’ \ 8A, and ¢ = C/O', we can
rewrite the functional ®g, in (5.6) as

Byen (A, A') = T (|DAAN| + £|ON)) . (5.10)

We consider now a minimizer (A,A’) of ®,., under the constraint |A| = v.

Step 1: if A’ is empty, then A is a sphere as long as v < vy = 47r3 /3, and otherwise is given as
in figure 8; the corresponding energies are given by (5.7) and (5.8) respectively.

If A’ is empty then A minimizes 0|0A| under the volume constraint |A| = v (cf. (5.10)). Then
A must be a sphere as long as a sphere of volume v is contained in €, that is, for v < 47r3/3.
For larger v, we can easily prove that A is axially symmetric (by a standard application of Steiner
symmetrization), A has constant mean curvature in ) and meets 9 with constant contact angle
0 =0 (cf. (5.3)). The only possibility is the one in figure 8.
Step 2: if A’ is not empty, then |OA’| > 4xr.

We assume first that A’ consists of one connected component v only. Since the closed curve
v is a boundary within 91, it is homotopically trivial. Now the Gaussian curvature of 0} vanishes
and by the theorem of Gauss-Bonnet, the integral over v of the modulus of the geodesic curvature
Kq4(z) is exactly 2m. But we know from (5.4) that |ICy(z)| < 1/ (recall that 7 = 0). Then v has
length at least 27¢, and the thesis follows by the assumption r < £/2.

Clearly this argument runs also if we assume that JA’ contains at least one homotopically
trivial connected component. In all other cases, A’ contains at least two closed curves which wind
around the cylinder and therefore we have again |0A’| > 4.

Step 3: if A is not empty then v > 7273,
By Step 2 we know that |JA'| > 4nr, and then the energy of the configuration (A, A’) is at

least 47rfo, which is strictly larger than (5.7) and (5.8) if v < w2r3; by Step 1 we deduce that
(A,A") cannot be a minimizer for v < w2r3.

Step 4: if A’ is not empty then A is given as in figure 9, and the energy is given in (5.9).
By Step 2 we know that |A’| > 47r and by Step 3 that |A| > w2r®. Then Proposition 6.10

yields [0A N Q| > 27r? and therefore the total energy is larger than o (2772 + 47rf). On the other
hand this lower bound is achieved by the configuration described in figure 9 only.

To conclude the proof, it is enough to notice that the configuration in figure 9 is preferable to
the one in figure 8 only when v is larger than vy = 77?(r/3 + 2¢) (just compare the values of the
energy in (5.8) and (5.9)). O

6. Appendix
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We give here some technical lemmas we used in the previous sections.
6.1. A rearrengement result

Let ¢ be a positive decreasing function on [0, +oo[. For every couple of Borel sets A and B in
R we set
U(A,B) := (2" — ) d2'dz . (6.1)
AxB
Now, for every t,y € R, we denote by L.;(A) the interval [¢,¢ + |A|] and by R,(B) the interval
[y — |B|,y]. The following result can be found in [ABS1] (see also [Br]); for the convenience of the
reader we give also the proof.

Proposition 6.1. If A and B are disjoint sets included in the interval [t,y], then

U(A, B) > W(Li(A), Ry(B)) . (6.2)

In other words, if we fix an interval I and restrict our attention to the class of all A,B C I
with prescribed measures a and b (with a + b < |I]), then the infimum of ¥ is achieved when A
and B are intervals and are taken as much distant as possible.

Proof. We write A < B if sup A < inf B. We remark that if £t < A < B < y then

Indeed, by setting h(z) :=t + ftx 14(s) ds, we have that h(z) < z for all z > ¢, and since ¥ is
decreasing we get

U(A, B) :/B [/tm U @) La(e) do] do’
2/3[[00 D@ — h(z)) W (z) dx] dz’

t+a
=/ [ [ ot —w)du] da’ = w(Li(4), B) .
B t

This proves the first inequality in (6.3). The second one may be proved in the same way.

Next we observe that it suffices to prove inequality (6.2) when A and B are finite unions of
closed intervals, the general case will follow by a standard approximation argument. Let A =
AiUAU...UA,,, B=BUByU...UB,,, where A; and B; are pairwise disjoint closed intervals
in [t,y].

The proof is achieved by induction on the total number of intervals n = ng4 + ng. When
n = 1, either A or B is empty and the proposition is trivial. Now, we assume the proposition true
for n and we prove it for n + 1.

Let be given A and B such that na + ng = n + 1. With no loss in generality we may
assume that A is non-empty and 4; < A; for all i > 1 and 4; < B; we set ¢ := |4;| and
A= Ay U A3 U...UA,,. Then we may write ¥(A,B) as P(Ay,B) + ¥(A4A’, B), and since
t < A; < B <y, inequalities (6.3) yield

U(Ay, B) > U(Li(Ay), B) > U (Li(A1), Ry(B)) .

Moreover, A" and B are disjoint subsets of [t + ¢,y] and na + np = n; therefore the inductive
hypothesis yields
U(A',B) > \IJ(Lt+C(A’),Ry(B)) .
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Hence

(A, B) > ¥(Li(A1), Ry(B)) + ¥(Liyo(A"), Ry(B))
and since L; (A1) U Lyyo(A") = Ly (A), we deduce (6.2). O

6.2. Optimal constants for some trace inequalities

The following three statements are concerned with the optimal constant for some trace in-
equalities involving the L? norm of the gradient of a function defined on a two-dimensional domain
and the H'/? norm of its trace on a line. For the time being u = u(z,y) is a real function on
R?, v = v(z) is the trace of u on the line R x {0}, & = 4(¢,v) is the Fourier Transform of u and
© = 0(£) is the Fourier Transform of v.

Lemma 6.2. Let u be a function in L} (R?) with derivative in L?. Then u belongs to H\. (R?)
and the trace of u on the line R x {0} is a well-defined function v € L (R). Moreover
(') — 2
p ‘ de'de <m |Du| dedy . (6.4)
R2 xr —x

Proof. First we prove inequality (6.4) when u is a smooth function with compact support by a
standard Fourier Transform argument (cf. [Ne], chapter 2, section 5):

/R2 %‘ o Idm_/ /'”+h)—v( )|2dx];l£
= [[[ e - vpag] g

:/R[/RQ—QC;);(Qth) dh]|ﬁ(§)|2d£

— 4n® / 10(6) 2 ¢ de

(here the second equality follows from Plancherel Theorem and the identity 7,v(£) = e>™*¢ §(¢),
while the last equality follows from the identity [;,(2 —2cos(2wh€)) h™2dh = 47%[¢]).
Now we notice that 9(§) = [, (¢, v) dv, and then

/Rz %‘ do'do = dn’ /R[/Rﬁ(&l/)l£l1/2du]2dg
47r2/ [/( (&,v)(€% + ,,2)1/2)(£2 E'ﬂ)mdurdg
<ar [ [ [hre +ya)| [ GEaa

4 /R 2(€2 + v2) de dv

=7r/ |Dul|? dz dy
R2

(the inequality follows from Schwartz-Holder inequality, while the last equality follows from
Plancherel theorem and the identity Du(§,v) = 2wia(,v) - (§,v)).

Now we want to extend inequality (6.4) to all functions in the Beppo-Levi space X := {u €
Llloc(]RQ) : Du € L2} We recall that X is Fréchet space whose topology is generated by the L
topology and the semi-norm ||Dul|z. We will use a density argument.
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Notice that the right hand side of inequality (6.4) is continuous on X (by the definition of
the topology of X), while the left hand side is lower semicontinuous in Llloc, and then also in X,
by the Fatou’s Lemma. Hence it is enough to prove that the space D(R ) of all smooth functions
with compact support is dense in X. Since D(R?) is dense in H'(R?) and X N L> is dense in X
(any » € X may be approximated by the truncated functions u, := (v An)V (—n)), it remains to
show that H' is dense in X N L® (with respect to the X topology).

For every bounded function » in X and every integer n > 1 we set u,(z) := gn(z)u(z) where

1 if |z| <n'/e
gn(z) = < log(logn) — log(log|z|) if n'/¢ < |z| < n,
0 if n < |z|.

Each u,, belongs to H' and u,, tends to v in Llloc Moreover Du,, = g,Du+u Dg,, and v Dg,, — 0
in L? because u is bounded and Dg,, — 0 in L? (this can be checked by a direct computation);

hence Du,, = Du in L?, and thus we have proved that u,, tends to u in X. O

Corollary 6.3. Let A be the half-plane {(z,y) : y > 0} and let u be a function in L .(A) such
that Du € L?. Then the trace v of u on R x {0} is well-defined and

!
/ M‘ dr'dr < 271'/ |Du|? dz dy . (6.5)
]RZ x — X
Proof. Extend the function u to the whole R? by reflection and then apply Lemma 6.2. O
Corollary 6.4. Let D be the half-disk {(ac,y) syl <r, y > 0} where r > 0, and let u be
a function in H'(Q). Then the trace of u on the segment E x {0} (with E =] — r,r[) belongs to
H'Y?(E) and
!
/ M‘ dz da' < 271'/ \Dul? dz dy . (6.6)
E2 o —x

Proof. We extend the function u to the whole half-plane A := {(z,y) : y > 0} by setting

i(z) = { wz) il <,

u(r?/z) if |z| >r

(we identify the points (x,y) with the complex numbers z = z +1y). Since z > r?/Z is a conformal
mapping, we have fA\D |Du|* = [, |Du|* = [, |Du|*. Thus Da belongs to L*(A) and by Corollary

6.3 we get
47r/ | Dul? —271'/ |Dif? > /
R2
[ e
E2

,7‘ da d:v+/
r —X (R\E)2

7~( v) — 9(z) ‘2dm'dm

o(z') — v(z) |2

r—x

' n _ 2 4
:/ L‘ dxdﬂ/ v(a') v(m)‘ o
B2 ¥ —x gl rfe —rjx | (2'z)?
!
:2/ U(w), ‘ dr'dx . O
E2 r —T

Remark 6.5. The constants in the trace inequalities (6.4), (6.5) and (6.6) are optimal. The proof
of this claim clearly reduces to prove that the constant 27 in (6.6) is sharp. To this end we consider
for every A > 1/r the functions uy : D — [0, 1] given in polar coordinates 6 €]0, x|, p €]0,r[ by

20p for 0 < p<1/A,
ux(p,0) := (6.7)
19 for1/A<p<r.
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The trace of uy on E is the function vx(z) = 0 for z > 0 and vx(z) = 1 for < 0. By a
straightforward computation one gets

Jo

oa(z") — ua(x)

2
dr dz' = 2log A + O(1)

and

/ |Dux|? dzdy = Llog A+ O(1) .
D

The conclusion follows by letting A — +o00.

6.3. Some slicing results

We establish now a connection between the compactness of a family of functions in L' (R") and
the compactness of the traces of these functions on lines. We fix L > 0 and we assume throughout
this subsection that every function takes values in the interval [—L, L].

Let us fix some notation: A is a bounded open subset of RV, e is a unit vector in R and
u a function on A; we denote by M the orthogonal complement of e, by A, the projection of A
onto M; for every y € M, AY ;= {t € R: y +te € A} and «Y is the trace of u on AY, that is,
u¥(t) := u(y + te). Accordingly, for every family F of functions on A we set FY := {u? : u € F},
so that FY is a familiy of functions on AY.

The simplest statement which connects the pre-compactness of F in L!(A) with the pre-
compactness of FY in L'(AY) is the following: assume that there exist N linearly independent unit
vectors e such that:

FY is pre-compact in L' (AY) for " a.e. y € A,. (6.8)
Then F is pre-compact in L'(A).

Unfortunately this statement does not fit our purposes. A sufficiently general result is obtained

by allowing the possibility of replacing F in (6.8) with a perturbation of F. More precisely, for

every 0 > 0 we say that a family F' is §-dense in F if F lies in a d-neighborhoud of F’ with respect
to the L'(A) topology, and then we have the following:

Theorem 6.6. Let F be a family of functions v : A — [—L, L] and assume that there exists N
linearly independent unit vectors e which satisfy the following property:
for every § > 0 there exists a family F5 §-dense in F such that
(F5)Y is pre-compact in L' (AY) for N " ae. ye A,.
Then F is pre-compact in L'(A).

(6.9)

Proof. With no loss in generality, we may assume that L = 1 and |AY| < 1 for all y. Every function
defined on A is extended to 0 on RV \ 4, and accordingly every function defined on AY is extended
to 0 on R\ AY. Fix for the moment a unit vector e which satisfies (6.9). For all y € A, and all
5> 0 we set

w(s) := sup { /R |v¥(t +h) —o¥(t)|dt : ve Fs, he [—s,s]} . (6.10)

Since [vY| < 1 and |AY| < 1, then wf(s) < 2 for all s > 0, and since (Fs)Y is pre-compact in L' (AY),
the Fréchet-Kolmogorov Theorem yields that w?(s) | 0 as s | 0. Take now u € F and § > 0, and
choose v € Fs such that |[|ju —v||; <6 (in L'(A)). By (6.10) we obtain, for every h

/ |u(:v + he) — u(a:)| dr <26 + / |v(:v + he) — v(a:)| dx
RN RN

:25+/Ae (A|v§(t+h)—vg(t)|dt) dy

325+/ WY (b)) dy - (6.11)

e
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For every § > 0 and s > 0 we set ws(s) := [, w¥(s)dy. Then ws < 2|A,| because wi < 2,
and ws(s) } 0 as s | 0 because the same holds true for all w? (apply the dominated convergence

theorem). Now, for all s > 0 we set w(s) := infs50 (20 + ws(s)): the function w is bounded and
w(s) }0ass!0,and (6.11) yields

/ |u(:v + he) — u(a:)| der <w(lh|) VYheR,veF. (6.12)
Rh

Finally we take linearly independent unit vectors e; with ¢ = 1,..., N which satisfy (6.9) and
we take w; such that (6.12) holds (with e and w replaced by e; and w; resp.). Since the vectors e;
span RY, the Fréchet-Kolmogorov Theorem implies that F is pre-compact in L!(A). |

We conclude this subsection by recalling some results about the slicing of Sobolev functions
and finite perimeter sets, which are well-known to experts but not available in this form in standard
reference books. For simplicity we consider only one-dimensional slicings, but the following results
are valid for slicings with arbitrary dimension.

Remark 6.7. Let A, e, A and AY be given as before, and take a Borel function v on A; by Fubini’s
theorem u belongs to LP(A) (with 1 < p < oo) if and only if u¥ belongs to L?(AY) for a.e. y € A,
and the function y — ||u¥||, belongs to LP(A.).

Similarly, given a sequence (u,) C LP(A) which converges to u in LP(A), possibly passing
to a subsequence we have that (u,)¥ converges to u¥ in LP(AY) for a.e. y € A.. Conversely, if
(up)¥ — u¥ in LP(AY) for a.e. y € A, and the functions |u,|P are equi-integrable, then u, — w in
LP(A).

Proposition 6.8. (cf. [EG], section 4.9)

Let be given u € LP(A). If e is an arbitrary unit vector and u belongs to WP(A), then
u¥y € WHP(AY) for a.e. y € A, and the derivative DuY(t) agrees with the partial derivative
D.u(y +te) for a.e. y € A, and t € AY. Conversely u belongs to W1P(A) if there exist N linearly
independent unit vectors e such that u¥ € WHP(AY) for a.e. y € A, and the function y — ||Du¥||,
belongs to LP(A,).

Proposition 6.9. (see [Ambl], cf. also [EG], section 5.10)
Let be given a Borel set E C A. If e is an arbitrary unit vector and E has finite perimeter in
A, then EY has finite perimeter in AY and O(EY N AY) = (OE N A)Y for a.e. y € A., and

| #eErnAndy = [ (o). (6.13)
Ae OENA

Conversely, E has finite perimeter in A if there exist N linearly independent unit vectors e such
that the integral of #(OEY N AY) over all y € A, is finite.
6.4. An inequality of isoperimetric type

In this last subsection we consider finite perimeter sets A in R®, as usual A denotes the
essential boundary of A. The result we are interested in reads as follows:

Proposition 6.10. Let be given an infinite cylinder Q with radius r in R®, and a finite perimeter
set A C Q with volume |A| > 7°r®. Then [0ANQ| > 2mr?.

Proof. Let denote points in R® by (z,t) € R? x R, and let P be the projection on R?, that is,
P(z,t) := . We assume  is of the form D x R where D is the disk with center 0 and radius
r in R?, and that every point of A is a point of density one. For all ¢ € R we denote by A; the
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set of all z such that (z,t) € A, and by § the measure of D \ P(A). We apply to each set A; the
isoperimetric inequality on the disk D:

min {|4;|, 7r* — |A¢|} < C|0A: N D|*, (6.14)
where C := 7/8.
By the definition of § we obtain 772 —|A4;| > §, and if we apply the inequality min{a, b} > a?b

(valid for 0 < a,b < 1) with a := [4;|/7r? and b := §/7r?, we get min {| 4], 7r? — |4;]} >
6(|At|/7rr2)2. Then (6.14) yields [0A4; N D| > /5/C (|A¢|/7r?), and integrating this inequality

over all t leads to
\/0
/ |0A: N D|dt > /C |A] . (6.15)
R

wr2

We recall now that for every two-dimensional rectifiable set S C R?® there holds
2 2 2 1 2
[£2(S)] > [/ #(Sr‘l{a:}x]R)dx] + [/%’ (St)dt]
D R

(this inequality can be easily derived for surfaces of class C', and therefore immediately extended
to any rectifiable set). Now we apply this inequality to S = dANK, and since (0ANQ), = A, ND
for a.e. t € R and #(0A N {z} x R) > 2 for a.e. x in P(A) (cf. Proposition 6.9), by (6.15) we get

o] A"
0ANQP > 4(mr? = 0)” + 55

A2
C|' 2|r4 —87rr2)5+452 )
™

> (2mr?)? + (
Finally, inequality |[0A N Q] > 27r? follows when |4]| > v8Cw3r6 = n2r3. a
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