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Cahn and Hilliard fluid on
an oscillating boundary

G.Bouchitté and P.Seppecher

Abstract. A Cahn and Hilliard fluid is in equilibrium in a solid container. The rugosity
of the boundaries is taken into account through the assumption of an oscillating boundary
whose period and amplitude are of the same order of magnitude as the thickness of the
interface. We study the I'-limit of this problem when this length tends to zero. We obtain
a homogenized boundary energy and we show that rugosity may modify the wetting
property of the wall until it is completely wet.

1.Introduction

In 1959 Cahn and Hilliard [1] wrote a continuum model for two-phase fluids. The
postulated energy was of the form:

E(u) :/QW(u) d:c+A/Q|Du|2 der/mg(u) dEN-1

u is the density of the fluid. u is positive, [,u dz = m. W(u) is the volumic
free energy for an homogeneous fluid of density w. It is a non convex function
(for example the energy associated with the Van der Waals pressure). See figure
1 which defines a; and as, values of u in the phases. A is a physical parameter
which may be deduced from experimental surface tension as far as the function W
is known. o(u) is a surfacic energy which characterizes the interactions between a
fluid of density u and the wall (o(u) is positive). This model has its own length
Le:

Lc:f Qg — Q1

A
2f512 VW (u) du

which is characteristic of the thickness of the transition layer between the two
phases u = a7 and u = as.

As L€ is very small it is natural to study the asymptotic behaviour of the model
as L° tends to zero. This procedure is purely mathematical and the model does
not include assumptions on the behaviour of the other physical quantities W, o, m
and € itself with respect to L. We emphasize that the postulated behaviour for
these quantities are primordial for the resulting model.
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If W,0,m, ) are constant, we lose every surface tension effect. For that the
usual asymptotic problem is concerned with the limit as € tends to zero of the
rescaled energy :

E%m_iévmfwd$+€lﬂDm2meé§ﬂwdHN1
where Wy > 0, Wy(a1) = Wo(ag) =0 (Wy(u) = W(u) — I(u) see figure 1)

This problem was completely solved in 1987 by L. Modica [2]. The resulting
energy is given by:

Eo(u) =c HN"10*ANQ) —¢ HN"1(0* AN 0Q)
if u=a; 1a+as lg\a and perg(A) < +oo

Ey(u) = 400 otherwise,

where

¢=5(a) — 5(cu1)
5(0) = inflo(s) +2| [ VWolu) du s € R)

¢ is the surface tension. Note that | ¢ |< ¢ and that the ratio ¢/c = cos 6 gives the
contact angle 6 between the interface and the wall, following Young’s law.

Let us now list some other dependances of W, o, m and 2 with respect to ¢,
which lead to different models.

The form chosen by L. Modica for W (W = Wy/e) ensure that ¢ is a finite
non vanishing quantity, but it avoids any compressibility effect (the values of u
in the phases are prescribed). A way to include some compressibility effects is to
consider a family of functions W, so that, as ¢ tends to zero, f;f VWe(u) du tends
to infinity and d*W. /du?(a;) remains finite. That was done by Buttazo and Al.[3]
who considered the family W, (u) = Wo(u) + 1/&% ¢ (u/e) where Wy is of the type
described in figure 1 and 1) is a positive function with supp(¥) CC [aq, as).

When a liquid film lies on a wall, the vicinity of the interface and the wall
leads to strengths which may stabilize or not the film [4]. The dependence of the
total energy with respect to the thickness of the film can be obtained by letting
m depend on ¢ in such a way that it converges to fQ Qg dx.

In this paper we concentrate on the effects due to the rugosity of the wall
already pointed out for their relationship with friction and hysteresis phenomenon
[5] (i.e. the difference between the receeding and the advancing contact angle).
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We will then assume that the boundary of Q is oscillating with period d. and
amplitude h. tending to zero with : €2 depends upon e¢.

In the second section we will give a precise mathematical setting of the problem
and state the main theorem of convergence (I'-convergence of associated function-

als). We are led to a relaxed boundary contact energy ¢ which is related to a local
problem.

In section 3 we study the influence of the surface parameters (rugosity param-
eters) upon this energy 5. We show that, for a given fluid and a given material
for the wall, the rugosity parameters can increase the contact angle continuously
from its value on a flat wall to m (complete wetting).

Section 4 is devoted to proofs.

figure 1

2.The main theorem

Let © be a bounded open subset RN with a smooth boundary. An element z €
RN is described by its coordinates in an orthogonal basis. As the last coordinate
xn plays a special role in our problem we shall write x = (2/,zy) where o’ =
(.’ﬂl, Ty euny ZL’Nfl).

The oscillating boundary is expressed in terms of a function f : RN~ — [0, 1]
which is assumed to be C! and Y-periodic where Y =] — 1/2,1/2[N~L. Define for
every positive d and h:

A(d, h) = {zn > —hf(a'/d)}
A(d,h) = {znx = —hf(2'/d)}
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Let d. and h. be two sequences of positive parameters tending to zero as ¢ — 0
. We consider the following subsets of RN (see figure 2):

Q. = A(de,he)NQ Q = A0,1)NQ

. = A(d.,he)NQ 'y = A0,1)NQ

896 = FE U I’ ] 890 = FO U I’
figure 2

A zooming of a part of I'. brings us to consider, A and « being two real pa-
rameters, the subset: By = AY x R (see figure 3) and the following subsets of
L2 .

loc®

AL(a) = {u e HL (A(1,1)); u \Y periodic in 2’; u = a for zx > L}
BE(a) = {u € A% (a); u=a on OBy N {zx > 0}}

figure 3
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The multiphase problem with the rough boundary I'. reads as:

(P9) inf {E°(u), u € L*(Q), /Q uw=m}  where:

“(u) = e | Du |? E u)|dx o(u N-1
By = [ 1 Dul i walds s [ ot dn

if we H'Y(Q.) and u =0 on Q\Q,

Ef(u) = +00 otherwise.

We will make the following assumptions:

(H1) limZ—i = 4; limdie =7; 4,7 €]0,+o0]

(H2a) Wis C?; W >0 and satisfies :

(b W(u) =0« u € {a1, a2}

( ¢ W — W** < M for a suitable constant M

( d) W(u) > Xo | u|* —po where Ao > 0

(e W"(c;) > 0 (finite compressibility of the two phases )
(H3) o(u) is continuous; o(u) >0 and 0 — o™ < M

Here W** and ¢** denote the convexification of W and o.

Our main result states that solutions of P¢ converge in L?(f2) to the solutions
of a problem P°. To express this limit problem PY we need the space BV ()
of functions u € L'(Qg) such that | Du | (Qo) = sup{ [, u div g dz ; g €
CHORY), |g] < 1} < +oo.

We also use the following surface energies:

c=2 VW (s) ds (2.1)
c=0(az) — (o) (2.2)
g(a) =inf{o(s)+2 | / vVW(u) du|,s € R} (2.3)

C=75(az) — (o) (2.4)
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2 . . o v, Ou ou
o(a) = inf inf — W) += | — |7+ | — dr +
(@)= ot inf {/JMM{7 W +1 | P46 | 5 )

+ / as(x') o(u)dHN"1} (2.5)
BNA(1,1)

where as is a distortion factor defined as:

(1467 |Vf %)/

= 2.6
“ = v .
Now PP reads as:
(P%) inf {E°(u), u € Lz(Q),/ u=m}  where:
Q
E°u) = ¢ / | Du | dx—|—/ o(u) dHN! —|—/ g(u) dHN!
Qo — (1 Qo ’ T

if weBV(Q) , u(z) € {a1, a2} a.e. on Qy, u(r) =0 a.e. on Q\Q,

E°(u) = + oo otherwise.
Theorem 2.1. Under (H1), (H2), (H3), the sequence E° T'-converges to E° in
L?(Q), that is:

(1) For every sequence (u.) converging to u € L*(), one has :
liminf F°(u.) > E°(u)
e—0

(i) For every u € L*(Q), there exists a sequence (u.) such that :
ue — w in L*(Q) , limsup E°(u.) < E°(u)
e—0

Moreover we can choose u. so that fﬂ Ue do = fQ u dx holds for every e.

We notice that for EY(u) < + oo, u takes the form u = oy 14+ as 1o\ 4 where
A C Qo is a measurable subset with a finite perimeter in Qq that is: [, [D1a|] <
+ o0. Denoting by 9* A the reduced boundary of A (see the book by Giusti [6] for
all related concepts), we find that (P°) reduces to a purely geometrical problem
with respect to A (liquid drop problem):

inf {c HN"Y0*"ANQy) — ¢ HN 1Y (9*ANT)+
(P°) —2HNYO"ANT,) ; ACQo, |Al=mi}

Q] ag —m

ay —a; my € [0, |Q|]

where my =
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As a consequence of theorem 2.1 we get the convergence of (P¢):

Theorem 2.2. Fix m € |oy|Q|, ae|Q|[ (existence of two phases). Let (uz) be a
sequence in L*(Q) such that:

Ef(ue) —inf P* =o(e) , / Ue dT =m
Q

Then (u.) is relatively compact and every cluster point u is a solution of (P°) that
is u= a1 1a+ay lgn\a where A is solution of the liquid drop problem (PY).

ComIAnent: The wetting properties of the rough wall 'y will be deduced from
the ratio ¢/c and compared with that of the flat wall I characterized by ¢/c. These
ratios will be shown to be in [-1,1] (see Sec. 3) and have a precise geometrical
meaning: they are the cosine of the contact angle between the fluid phase a; and
the wall in case this contact occurs on I'y or on I".

3. Estimates on the local problem and
dependence of the homogenized boundary
energy with respect to the rugosity parameters.

In what follows, « is assigned to take value ay or as. Given §, v €]0,4o00], it is
convenient to define for every u € H}, and B Borel subset of RN:

) v, Ou Ju
Gu,B:/ ~ W)+ < | =— P +6y]| =— |?) da
By = [ CWE Tl Py G )
+/ as(z")o(ut) dHN? (3.1)
A(1,1)NB

u™ denoting the trace from above of v on A(1,1).

We will use (also in sec. 4), the following local problems:

o¥(a) = inf {% s u € Ak ()} (3.2)
(o) = inf {% s u € BE(a)} (3.3)

where A\, L are positive reals.
As T (see (2.5)) and the last expressions depend on ¢ and +y, we will sometimes
write o(v,6), ok (a,v,0), 7E(a,7,0) and G, (u, B).
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It is easy to check that 0¥ (a) and 7&(a) are decreasing functions of L. More-
over:

6(@) = lim \ of(a) (3.4)
ol(a) <tE(@) VA, VL. (3.5)

The first estimate (Proposition 3.1) will be crucial for the proof of theorem 2.1.
Proposition 3.1
i) For every 0, v, L €]0,+00[ and every integer A, one has:

a3 (a) = ot (a) (3.6)
1) Let I a compact interval in |0,+oo[. Then the following inequalities hold uni-

formly for v,6 € I and for suitable C, C'(L):

c c'(L)
WST,\L(OZ)SQL(O‘)‘FW

ot () <5(a) < of(a) +o(L) (3.8)

ot (a) +

Comments:

a) Let us stress the fact that the equality (3.6) is not trivial since the functional
involved G is non-convex. In the homogenization theory, several non-convex ex-
amples exhibit a gap between the average energy on periodic cells of length A € N
and the minimal energy taken on a unit cell (see S. Miiller [7]). Fortunately this
gap does not appear in our problem.

b) The first inequality in (3.7) is straightforward. The procedure to obtain the
second one consists in taking the solution u” associated with of(a) and in using
cutt-off functions on By\By (where X' € N) and X < XA — 1) in order to fit the
boundary condition u = o on By N {xx > 0} (cf. the definition of B («) in sec.
2). The parameter C’(L) depends on the norm of (uX — a) in L?(By).

To prove prosition 3.1 we need the following lemma:

Lemma 3.2 The variational problem associated with o¥ () has at least one solu-
tion. Moreover:

i) If \ = k is an integer and u is a solution, so is u(z’ — i,zy) for every i €
{1,...,k—1}N-1

it) If u and v are two solutions, so are u Av and uV v.

Proof. The existence of a solution is obtained classically by the weak compactness
of minimizing sequences in the closed subset A% (a) of H} . and by the lowersemi-
continuity of G(., By) for this topology.

Assertion (i) is obvious since u(x’ — i, zy) is still kY periodic in 2’ and agrees
with a for x5 > L.
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Let us prove that w = u A v and w’ = u V v are also solutions associated with
ol (a). Let:
A={r e BxnA1,1); u(z) <v(z)}u{zr e BANA(L,1); u(z) <v'(z)}
(u™, vT denote the traces of u, v on A(1,1) from above)
We have:
Dw =14 Du+14c Dv a.e.on ByNA(1,1)
wt =14 ut 4+ 1407 HY"1ae on ByNnA(1,1)
Hence:
G(w, BA) = G(u, BAN E) + G(v, By N A)
G(w', B\) = G(v, BAN E) + G(u, B\ N A°)
By adding these two equalities, one gets:
G(w, By) + G(w', By) = G(u, By) + G(v, By) = 2 0% (a)
Since w and w’ are also in the admissible set A% (a), one has:

G(w,By) = G(w', By) = 0% (a)

Proof of Proposition 3.1

Define : u(z’,zn) = u(@ —i,zN)

inf
i€{1,2,.. k—1}N -1
From lemma 3.2 we deduce that 4 is a solution associated with o%(a) (A € N)

Obviously u satisfies © = « for xny > L and u(.,x2y) is Y-periodic. Hence
u € Af(a) and:

G(u, By)

AN-1 :G(Q’Bl):U%(a)

ox (o) =

Let us just outline the proof of (ii). Let 0z, 7z in I. As I is compact, we can
assume that, as L — oo, 6, — J, v — < and that uy, a solution associated
with of (o, v, 61) converges weakly to some u in H} . Using the weak lower
semicontinuity in H}, of G(., By), one gets:

G(@)= lim oF(a)= lim G(ug,B;) > G(u,By) (3.9)
L— 400 L— 400

Let us define:
v =2 [ VIO, v = vlus) 0= 00
Since, for suitable Cy > 0:

G(UL,Bl) > CO / | D’UL | dx
BiNA(1,1)
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we obtain:

/ \Dv|d1’<hm1nf/ | Dug, | dz < + oo
BiNA(1,1) L—r+40c0 JpinA(1,1)

From assumptions (H2c), (H2d) and (H2e), we can show that ¢(s) > C; | s—a |?
for some suitable C; > 0. Then:

/\u—a|2(:r:tdx<c/ | Du |
YX{$N>t}

Integrating this inequality between L — 1 and L gives:
BL:/ |lu—a|* dv — 0 as L — +oo
Y x[L—1,L]

We conclude by multiplying « by a suitable cutt-off function ¢(xy) on [L — 1, L]
(see the proof of lemma 4.2 below for a similar construction). That yields:

o1 (a) < G(u, B1) + o(BL)
Combined with (3.9), we obtain (3.7). O

Proposition 3.3
i) (a v, 0) is continuous with respect to 6, v €]0, +0o0l.
1) For every v, § €]0,+oo[, we have:

2(7,6)| = [5(a2,7,8) — 3(a1,7,8)| < ¢

Proof. The continuity of o (a, .,.) for every L > 0 is straightforward. Then (i) is
deduced by using estimate (3.8) For (ii) we prove the inequality U(al) < a(aj) +c
for i # j by extending a solution associated with the definition of of(«;) (L
being fixed) by a function ¢ depending only on xy such that (L) = a; and
p(+00) = ao. O

Now we have to pay attention to the ratio ;c://c\ which determines the contact
angle on the rough surface associated with v and §. This ratio is ruled by the
propositions 3.4 and 3.5 below, for which we leave out the proofs in order to be
concise.
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Proposition 3.4
i) Let us fix v €]0,4+o00[. Then:

lim 204 ,0)=0(a), lim 2 ,0)==¢C
Jm 5(a,7,8) =5(a), lim &(y,6)
1) Assume that o does not reach a minimum on oy, as|[. Then:

lim ¢(y,90) =¢

d—+o0

Proof. Assertion (i) is obtained by approximating the infimum associated with
o¥(a,,68) by a function depending only on 2y and constant for zy < 0. a

Comment: By the continuity of g\(’y, .), we see that /5\(7, .) ranges onto the interval

o~

[¢, €]. In other words, every situation between the case of a flat surface (¢ = ¢) and

~

the perfectly wetting case (¢ = ¢) is reached by increasing the slope factor ¢ from
0 to +o0.

When the scale of rugosity is large with respect to the thickness of the phase
transition (y << 1), we are led to a local anisotropic Plateau problem:

Recalling that as is given by (2.6), we define, for every fixed § €]0,+o0], the
quantity Rs and the positively 1-homogeneous convex function hs(p) on RN by:

hs(p) = (pn* + 6% p*)'? Rs = / (1+ 8|V f*)'/? da’
Y

Proposition 3.5:

= c
i lim o(o,7v,0) = inf {— / hs(Du) dz +
) ~N—0F ( i ) ueC(a){Oéz — 01 JBinA(1,1) 6( )

4 / a5 &(u)dHN1}
BlﬁA(l,l)

where
C(a) = {u € BVioe(A(1,1)); u(z) € {o1,a2} ae.; u=a for xy > 0}
i) /c/t(—&-oo, 0) 1is continuously increasing with respect to §. Moreover:

) (22 - 12
c(+00,0) =Rs¢c foro<d< —=¢

Lip(f)

lim ;c\\(—i—oo,&) =c
d—+o0

Proof. For assertion (i), we refer to Bouchitte [9] where limits of phase transition
models with general anisotropic perturbations are described. a
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4. Proofs of theorems 2.1 and 2.2

It will be convenient to localize the energy associated with E as follows; let
us define for every u € L*(Q) and every Borel subset B C Q:

Fean(u,B) = /

1
[e|Dul* + =W (u)] dx —l—/ o(ut) dHN"!
BNA(d,h) €

BN(A(d,h)UT")

if uc H'(BNA(d,h)),

F. gn(u, B) = +00 otherwise.
For simplicity F. . . will be denoted F. so that, if u = 0 on Q\(), one has
E¢(u) = F.(u,Qe).

We will use the following lemmas:

Lemma 4.1 (scaling) Let e, h, d > 0, real parameters. Then, for every X\ > 0
and every v in LY(Q), one has:

Fxepnpa(v, Q) = ANV FLp a(vx, Q)

where vy(z) = v(A\x).

Proof. We use the change of variable y = 2/ so that Vo(z) = A7 Vuy(y). O

Lemma 4.2 Let ug = o forxy > 0 and ug =0 for xny < 0 with o € {on, a2} and
assume that h/e remains bounded. Then for every sequence u. € L'(Q) such that
ue. — ug there exists v. € LY(Q) such that:

(i) v. € H(QN{zy >0}); v.=aondQN{xy >0}
(14) ling%f Ff(ve,Q) < lirii)%f Fe(ue, Q)
(4id) ve — up in L'(Q)

Proof. First, possibly by extracting a subsequence, we can assume:
liminf F*(v.,Q) = lim F*(u.,Q) =8 < 400 (4.1)
e—0 e—0

Hence

lim W(u.) de =0

e—0 Q
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and from growth condition (H2c), the sequence | u. |? is uniformly integrable.
Thus:

ue — up in L*(Q) (4.2)
Let h., k. be sequences such that:
k. €N, ek. — 1 (hence k. —> +00) (4.3)
he = o(|ue — uol)L2(q) (4.4)
Then we define a boundary layer on Q by setting:
T. =Q\(1—h.)Q (4.5)
We divide T; into k. slices of width h./k..
SE=QN\Q5, QL=(1—ih/k:)Q, i€{0,1,.. k} (4.6)

so that: T, = Uke | §7.
Let ¢! be a smooth function such that:
. . , , . o
0<@i<l, gl=1onQ, we=00mQ\Q"|Dy|< =  (47)

€

For a suitable i (we shall choose later), let us consider v. = ucp: +a (1 —¢%). We
have v. = @ on 9Q N {xx > 0}, and owing to assumptions (H2c) and (H3), the
following inequalities hold:

W(v.) < W(u)+C,  (W(a)=0) (4.8)

o(ve) <oue)+C, onl.NQ (4.9)

On the other hand from (4.7) v = u. on Q%,v. = a on Q\QL! and Dv. =
oL Du, + (u. — o) Dyl, so we have:

Dv. ’<2 | Duz > + |ue —a | (k./h.)®> on S° 4.10
1>

F(ve, Q) = F=(ue, Q2) + F*(ve, 82) + F* (o, Q\QT)

< Fé(u,Q) + R (4.11)
where
) 2 ck? ) )
32226/- | Due |* + 526/. lue—a[? +5 | 8|+ ¢ HNTI(SINTY)
SiNAe hz SLNAe €
(4.12)
Choose i such that R: < Zfil RI/k.. One gets from (4.12):
2 2 ek?
Ri <=5 | Due [* + 826/ | ue —uo |?
ke Jronac hZ  Jrena.
c thl
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Noticing that: EITEOAE | Du. |?< F¢(u.,Q) and HN"YT. NT.) < HYL(Qn
I'.) <sup (14 h./d. | Df |?)'/? we obtain owing to (4.1),(4.3),(4.4) and to the
assumption that h./d. is bounded:

limsup R. =

=lim R.=0
e—0 e—0

which yields by (4.11) to the inequality (ii). The assertion (iii) is trivial since

| ve — ug | <] ue —up |- O

Lemma 4.3 Let Q =] — 1/2,1/2[N71, a € {a1, a2} and (e, d., h.) a sequence
such that (H1) holds. Define ug(z) = a if txy > 0, ug(z) =0 if zy < 0. Then:

i) For every sequence (u.) such that u. — ug in L*(Q), one has:

liminf F.(ue, Q) > g(a,’y,é)

e—0
ii) There exists (ugs) such that ue = a on dQ N {zy > 0} and:
u. — up in L*(Q) , limsup Fi(ue, Q) < g(a,’y,é)

e—0

Proof. By lemma 4.2, one can assume that u. = @ on 0Q N {xy > 0}. Apply the
lemma 4.1 with A = 1/d.; one gets:

Frdene(ue, Q) = d™ "1 Flygo 1 he je (Ves Q1 /az)
where v (z) = us(z/d;).

Noticing that v. belongs to Bfg (o) with L. = 1/d., we deduce from proposition
3.1 (cf. (3.7)):

FE,d&he(usaQ) > Tf;(aag/dsahs/ds) >

> 5(a,e/de, he/de) — ¢

LEN—l

The conclusion (i) follows by letting € tend to 0 and using the continuity of g(a, )
at (v, d) proved in proposition 3.2.

Now, let us prove assertion (ii): Let w € Bi () be the solution associated with
the definition of 7} (a, 7, §). Define u. by:

ue(z) = w(a'/d.,xn/he) if @ € A(de, he)

=0 otherwise

Through the d.Y-periodicity of u. with respect to x’, we discover:

/| - \uE\Q dz = o(d.)
TN |SNe
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Since u. = ug for |uc| > he, one gets u. — ug in L?(Q). Now using the scaling
lemma 4.1 with A = 1/d.:

Frge e (ue, Q) = d. N1 Feae1.hede(Ve, Q1yaz)
where

d
ve(z) = w(z', SaN)
he
Since w = « for zy > h./d., we have v. € BL(a) for every L > sup(h./d.).
According to proposition 3.1, we have:
Fe,dg,hg (u57 Q) S TlL/dE (a7’7€766)
N—-1

< ol(a,y.,6.) +C'(L) d. =

Finally from the continuity of of(a, ., .):

limsup Fe (ue) < O’f(a,’}/,a)

e—0

which reduces to the inequality of (ii) when L — oo. O

4.1. Lowerbound for the I'-limit of the energy
We are going to prove the assertion (i) of theorem 2.1.

Let (uc) be a sequence in L?(Q) such that:

ue — u in L*(Q) , [ =liminf E(u.) < +oo (4.13)
e—0

Define the Borel non-negative measure j. on Q by setting:
pe(A) = Fe(ue, A)

From (4.13), the sequence (p.) is bounded and tight on Q ( Q is compact). We
can write, possibly only for a subsequence still denoted by e:

liminf E° = lim FE° =1
pnigh B(ue) = i, 27 (0e)
e — o for the narrow convergence on Q

As supp p. C Q., we have supp o C Qo, hence:

l= Eli_r)no 11(2) = p10(Qo) (4.14)

In fact, by using the narrow convergence of fi., for every Borel subset A of Q such
that po(0A) = 0, one has:

lim F.(us,A) = lim p.(A) = puo(A) (4.15)

e—0 e—0
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Since u. = 0 on 2\, and:

1
Fo(u) > ¢ / Dulde+ L [ W) de
Qo € Qo
we already know that the limit u lies in BV (2) and has the form: u = ay 1anq, +
az 1oy 4 where A is a subset of {2y with finite perimeter. Moreover, by applying
Modica’s results [2], on the open set Q7 = QN {zy > n}, with n > 0, one gets:

liminf F,(ue, Q") > —° / | Du dw++/ G(u™) dHNTY  (4.16)
e—0 Qg — 1 Jon T’nQn

where ¢ and & are given by (2.1) and (2.3). Choosing a sequence 7 tending to 0
such that po({xny = n}) =0 and using (4.15) and (4.16) we are led to:

I = 110(R0) = po(To) + nlino fo(£27)

> po(To) + ¢ / | D da:+/ G(ut) dHN !
Qo T’

Qg — 1
So the lowerbound of theorem 2.1 is obtained provided we can prove:

po 1y > o(ut) HN"HTy )

Denoting 0y = HN"1(Ty N.), the last inequality reads as:

dio
dby

Let Qs be the interval | — /2, +6/2[". By the Besicovitch differentiation theorem,
one has:

(z) > 5(ut(z)), O ae zeTy (4.17)

dpo _ o Ho(Qs)
d00 §—0 N1

On the other hand, as the limit u of u. satisfies u(z) € {a1, as} a.e. on Q\Qp,
the traces on I'g from xny > 0 and from z < 0 satisfy :

ut e {{a1, ap} HNlae zely, u =0

HN"tae zeTly,

(4.18)

Let us fix y € I'g such that the equality in (4.18) holds and let us set:
we,s(y) = ue (w0 + 0y)
wo,5(y) = u(zo + 0y)
It is well known that for HN! a.e. o € I'o, one has:
wo,5 — Up in Ll(Q) asd — 0 (4.19)
where:

up(y) = a; if ynv >0 and ut(xg) = (4.20)
Uo(y) =0 ifyny <0
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From now on we assume that o has been chosen in such a way that (4.18) and
(4.19) hold.

Let us go on with the blow-up argument at zy as done in another situation
by Fonseca-Miiller [8]. Take a sequence (J5) tending to 0 such that 1o(9Qs, ) = 0.
Owing to (4.15) one has:

d F. Ue, To +
Mo p)= lim  lim e’df’hf(dfvlo )

d90 k—+o00 e—0 (421)

Assuming that dzo (x9) < 400 (otherwise the inequality (4.17) is trivial), we can

choose for every k, some (k) > 0 such that:

€ 1
— < - 4.22
=5 ST (4.22)
1
| we,s, —uo |l @) <l wo,s;, — o [l1(@) +% (4.23)
FE de h;—; (u’E7 Q(Sk,) d,U/O 1
— < - 4.24
A A (424)

For this ¢ (depending on k), let us set:

v (y) = u=(xo + 1Y)

d h
dy = —, hy=—
k 6k; 5 k 6k
By lemma 4.1 we may rewrite (4.22) as
d 1
Fey oy oy, (Vk, Q) < d/;o (wo) + - 2

We notice that d, — 0, hy — 0, e — 0, while hy/dry — 6, er/dr — 7.
Since vy — up in L'(Q) where ug has the particular form given by (4.20), we
may apply lemma 4.3 (i) with = Q. Combined with (4.24) that yields (4.17):

d 2
T (o) = Joinf P g, (06, Q) > 5(u” (20))

4.2 Upperbound for the I'-limit

We prove the assertion (ii) of theorem 2.1 in case u = a1 1g,na + a2 1o\ 4 Where
A is an open set of RN with smooth boundary 94 such that HN~1(0AN Q) = 0.
The conclusion in the general case is then deduced by an approximation procedure
for functions u such that E°(u) < +oc. This procedure is completely described in
Modica [2] or Bouchitté [9] to which we refer for this part of the proof.



164 G.Bouchitté and P.Seppecher

Set Ay = ANQ and Ay = Q\ A. For every > 0 let us define:
Fi, ={zxelonNA;; dz,00) >n, dlxz,0A) > n}
¥y =Ty x[=n/2,n/2]

Noticing that

_ he
HN"HIA\(Z)us)) <

<6 HN"HIp\ (T, UT})),

lim HN"HTo\(I', UT})) = HN 1Ty N (I UDA)) = 0,
n—s0

we can write:

lim sup HNfl(FE\(E}7 U 2727)) =o(n)

e—0

figure 4

(4.25)

Let us apply Modica’s construction [2] to approach @ = a3 14, + g 14, on
the open subset Q=7 = QN {zx > —n} taking into account the boundary energy

on I'". We find a sequence @, in L?(Q277) such that:

@ —> @ in L*(Q77)
Ue is bounded in L*(277)
e =0 if d(x,0A)>n and d(xz,0077) >n

Fo (e, Q" "UI'\I';) — I, as ¢ — 0 where:

C
I, = Da+/6udHN*1
) az_m/w' + [ s

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)
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(To obtain (4.27), we notice that, according to the growth condition on W (H2d),
the infimum associated with the definition (2.3) of () is reached for some value
s;; then we can choose . so that . € [a, o] U [s1, $2])

From (4.28), we get 4. = a; on Zl so that we can modify . inside EZ using the
lemma 4.3 (ii). Let us consider a coverlng of El U 22 by cells of size n by setting:

Qb =nk+Q), kezV!
Ii={kezZ"""; Qkcxi}
To simplify, we assume that X! = >, QZ;
n

By an easy rescaling, lemma 4.3 (ii) leads to the existence for each k € Ié of a
sequence (w¥) such that:

w® — o, in Lz(Q’;) , wr =a; on (’9Qf] N{zy >0} (4.31)
lim F(wf, QF) = 5(a;) g™

Define:

U oOn QE\E}7 U Zfl

ue=qwk on QF, kellUI?

0 on O\Q.

It is easy to check that u. — w in L?(£2). Moreover:
Fe(ue, Q) < Fo(iie, Q" UT\Le) + Fe(ie, T\(2) UXE))+ (4.32)
+ D Felwi,Qp)
kel%uzg

From (4.27), o(@) is bounded. Thus from (4.29), (4.31) and (4.32):

limsup F: (ue, Q) < 1, + o(n) +/ §(u+) dHN! (4.33)
e—0 riurg

We conclude by passing to the limit as n — 0 using (4.30) and the fact that
fFo |Da| = 0 due to HN"1(0ANTy) = 0.

Finally, in order to fit the constraint on the total mass ([, ue dx = [, u dx),
we use Modica’s method which consists in changing u. slightly inside one of the
two phases (see [2]). O
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